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1 Introduction

The aim of LES is that of performing accurate numerical simulations at a moderate
computational cost. The challenge is to devise a significant coarsening of the model
while retaining an adequate level of reliability. In recent years, due to ever-growing
computational resources, it has become possible to perform high-resolution direct
numerical simulations (DNS) from which data are used to build coarse-grid fluid
models. The latter allows for high-fidelity simulation of the dynamics of large-scale
flow structures over long time horizons, otherwise unreachable by DNS. In particu-
lar, data is used to find LES closure models [3] or to alter governing equations [2]. In
addition, observational data can be used as an alternative or to complement a DNS
dataset. Data assimilation, in fact, has been used for several decades in the context
of geophysical fluid dynamics [1, 7] and is of particular interest to this work.

Here we propose a data-driven approach to augment the coarse-grained numerical
predictions of two-dimensional Rayleigh-Bénard convection. Proper orthogonal de-
composition (POD) is used to decompose fine-grid reference data into spatial fields
and temporal coefficients. These coefficients are modelled as stochastic processes
whose variance equals the POD spectrum of the flow. We found that a compara-
bly small number of POD modes is sufficient to attain an accurate estimation of
the Nusselt number even at high Rayleigh number, thereby enabling studies in the
range of ‘ultimate turbulence’. This strong coarsening makes the model efficient and
accurate over long time.

S.R. Ephrati - P. Cifani - B.J. Geurts

University of Twente, P.O. Box 217, 7500 AE Enschede, The Netherlands, e-mail: {s.r.
ephrati,p.cifani,b.j.geurts}@Qutwente.nl

Gran Sasso Science Institute, Viale F. Crispi, 7 67100 L’ Aquila, Italy

Eindhoven University of Technology, P.O. Box 213, 5600 MB Eindhoven, The Netherlands



2 S.R. Ephrati, P. Cifani, and B.J. Geurts

2 Data generation and processing

Rayleigh-Bénard convection is described by the Navier-Stokes equations coupled
to temperature transport under the Boussinesq approximation. The governing equa-
tions, in non-dimensional form, are the following:
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Here, we restrict to two spatial dimensions. We adopt u, p and T to denote ve-
locity, pressure and temperature, respectively. Buoyancy effects due to temperature
gradients are included by means of the term Te,, where e; is the vertical unit vec-
tor. The dimensionless parameters that determine the flow are the Rayleigh number
Ra = gﬁALi/(VK) and the Prandtl number Pr = v/k, set to 10'* and 1, respec-
tively. Here g is the gravitational acceleration, f3 the thermal expansion coefficient,
A the temperature difference between the boundaries, v the kinematic viscosity and
Kk the thermal expansion coefficient. The computational domain is a rectangle of size
L, =2, L, = 1. Periodic boundary conditions are imposed in the horizontal direction
while the top and bottom boundary are no-slip walls. The temperature is prescribed
at 1 at the top wall and O at the bottom wall.

The time integration is carried out by employing an RK3 method. An energy-
conserving finite difference method is employed for the spatial discretization [10]
and parallelized as in [5]. A uniform grid spacing is adopted along the periodic di-
rection while grid refinement close to the wall is realized by means of a hyperbolic
tangent profile to properly resolve the boundary layer.

The DNS simulation is performed over a 4096 x 2048 grid. This resolution has been
shown to be adequate for the selected Ra number, as indicated in [11]. Coarse-grid
runs are carried out on a 64 x 32 grid. The rather strong coarsening allows to iden-
tify clear differences between the proposed model and the solution of system (1-3)
solved on the fine grid without model, as shown in Fig. 1.
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Fig. 1 Snapshots of the temperature field of the DNS (left) and the numerical simulation on the
coarse grid using 100 POD modes (right).
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Proper orthogonal decomposition (POD) is applied to a sequence of equispaced
and uncorrelated DNS snapshots. The spatial and temporal coefficients, indicated
by 0;(x) and a;(t), respectively, follow from the minimization problem
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where f(x,t) is either the velocity or the temperature field. The fraction of energy
related to each of the modes is given by the variance of the corresponding temporal
coefficient. The solution of (4) is given by the eigenvectors of the spatial-spatial
correlation tensor:
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where (-) o denotes integration over the spatial domain and g; is the standard devia-
tion of the time series ;(¢). The spatial profiles o;(x) then follow from orthogonal-

ity:
- Yna)r
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where ()7 indicates integration over time. For an in-depth description of this pro-
cedure the reader is referred to [4].

(6)

3 Stochastic modelling

3.1 Model description

The momentum and temperature equations (1, 3) can be written as a system of ODEs
for the temporal coefficients by projection onto the POD basis. For each POD mode

one has
da; s
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where Ly is formally the spectral representation of u-V, V, V? and the source term
appearing in (1-3). This system of ODEs involves all coefficients. In actual models
we truncate this formulation to include only a certain number N of modes.
Representing the fine-scale dynamics in the coarsened model using the POD time
series has been shown to be an efficient approach to improve coarse-grid simulations
[6]. In the same spirit, here we regard the evolution of the coefficients as a stochastic
process. First, Eq. (7) is integrated in physical space to find an intermediate value
d; r. Subsequently, after projection, the temporal coefficients at the new time level
n+ 1 are updated by
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where (; and 7; are the standard deviation and time correlation of the temporal co-
efficients computed from the DNS dataset. Moreover, r" is a random variable drawn
from a standard normal distribution. The formulation (8) is a first-order autoregres-
sive model with drift coefficient 1 — Ar/7; and variance ,uiz. Once a?_‘fL' is computed
from (8), the full spatial field f(x,¢) is reconstructed in physical spabe and the time
step is completed. The projection and reconstruction of the field from/to physical
space to/from spectral space is a computationally intensive operation. However, as
we will show in the next section, only a few POD modes are necessary to signifi-
cantly improve the predictions of the flow statistics compared to adopting no model
at all. Thus, the overall cost of the model is comparable with that of solving the
coarse-grained PDE without the model.

3.2 Nusselt number predictions

First we verify that the simulated coarse-grid POD spectrum is well represented
when using (8). Preliminary tests have shown that the temperature spectrum simu-
lated without model matches the DNS spectrum well, in particular at large scales.
However, the velocity spectrum showed considerable differences at all scales. Given
these findings, we apply the model to the momentum equation only. In Fig. 2 and 3
the POD spectrum of both the velocity and the temperature is shown when using the
primary 20 and 100 modes in the forcing. The velocity spectra match the reference
spectrum up to the forced mode. Furthermore, an overall improvement is observed
in the temperature spectra compared to the no-model case.

Next we predict the Nusselt number and compare it with its reference value ob-
tained from DNS. We adopt the following definition

Nu=1+vVPrRa(u,T)q )

where u, denotes the vertical velocity and ( ,)qo denotes the volume average. This
definition is particularly suitable for the computation of the Nusselt number since
it does not involve gradients, which would introduce an additional source of error
when discretized on a coarse grid. Fig. 4 shows the time averages of the Nusselt
number as measured on the reference fine grid, on the coarse grid without model and
on the coarse grid with the stochastic model. Increasing the number of POD modes
clearly results in a more accurate estimation of Nu. Even at the lowest number of
POD modes simulated, a significant improvement is clearly visible. This suggests
that a correction on the large-scale spectrum of velocity is beneficial for the correct
prediction of mean heat transfer.
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Fig. 2 POD Spectra of the velocity (left) and temperature (right). The spectra of the reference
solution (dashed line), the no-model (blue line) and the stochastic model using 20 POD modes (red
line) are shown.

Time series variance

10° 10°
—No model
—With model
g - - Reference
£ 1072
3
=3
£
=)
&
g 104
—No model &
— With model
- - Reference
107° . . 10°° - .
10° 10 10? 10° 10 10° 10! 10? 10°

POD mode number

POD mode number

10*

Fig. 3 POD Spectra of the velocity (left) and temperature (right). The spectra of the reference
solution (dashed line), the no-model (blue line) and the stochastic model using 100 POD modes
(red line) are shown.
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Fig. 4 Rolling time averages of the Nusselt number obtained from the no-model and the stochastic
model using 20, 40 and 100 POD modes. The reference DNS result is represented by the solid line
together with a 5% uncertainty interval.
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4 Conclusions

In this work, a stochastic data-driven model for coarse-grained numerical simu-
lations for two-dimensional Rayleigh-Bénard turbulence has been proposed. The
model is based on the proper orthogonal decomposition (POD) of high-resolution
numerical data. In particular, parameters are extracted from the temporal coefficients
of the POD basis and are used to augment the coarse-grained numerical predictions
via stochastic forcing. The resulting model requires only two parameters per POD
mode, making it straightforward to interpret and to implement. In fact, these two
parameters, i.e., (T;, it;) for the time correlation and the standard deviation, can be
computed per POD mode from the DNS data and are not free parameters. It was
found that the Nusselt number estimates on the coarse grid with stochastic forcing
improved significantly compared to those obtained without a model. The method
presented here is general and may be extended to different flows.
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