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 A B S T R A C T

Spectral analysis for a class of Lagrangian-averaged Navier–Stokes (LANS) equations on the sphere is carried 
out. The equations arise from the Navier–Stokes equations by applying a Helmholtz filter of width 𝛼 to the 
advecting velocity 𝛽 times, extending previous results on the Navier–Stokes-𝛼 model and enabling a precise 
selection of the smallest length scale in the flow. Power laws for the energy spectrum are derived and indicate a 
𝛽-dependent scaling at wave numbers 𝑙 with 𝛼𝑙 ≫ 1. The energy and enstrophy transfer rates distinctly depend 
on the averaging, allowing control over the energy flux and the enstrophy flux separately through the choice 
of averaging operator. A necessary condition on the averaging operator is derived for the existence of the 
inverse cascade in two-dimensional turbulence. Numerical experiments with a structure-preserving integrator 
based on Zeitlin’s self-consistent truncation for hydrodynamics confirm the expected energy spectrum scalings 
and the robustness of the double cascade under choices of the averaging operator. The derived results have 
potential applications in reduced-complexity numerical simulations of geophysical flows on spherical domains.
1. Introduction

The distribution of energy over a vast range of scales of mo-
tion is a characteristic feature of turbulent flows. Consequently, fully 
scale-resolving numerical simulations of turbulence are computation-
ally unfeasible. This has prompted the development of simulation 
strategies that deal with modified systems of partial differential equa-
tions with reduced dynamical complexity. Among these is a geometric 
regularization principle for ideal fluids, proposed by Holm, Marsden, 
and Ratiu [1], referred to as 𝛼-modeling. It alters the nonlinear advec-
tion terms and thereby gives rise to regularized Euler equations. Adding 
a viscous term then leads to the Navier–Stokes-𝛼 (NS-𝛼, also referred to 
as Lagrangian-averaged NS-𝛼 or LANS-𝛼) model, in which the energy 
content of small scales is suppressed [2].

In this work, we study the two-dimensional NS-𝛼 model on the 
sphere and extend the model to a larger class of averaging operators, 
which we refer to as the 𝛼-𝛽-Navier–Stokes (𝛼-𝛽-NS) equations. In 
doing so, we show that the structure-preserving regularizing proper-
ties of the NS-𝛼 model, as previously studied on flat domains, carry 
over to the spherical case. Furthermore, we demonstrate that the 
regularizing properties can be altered more precisely by introducing 
an additional model parameter 𝛽, allowing explicit control of the 
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distribution of energy over numerically resolvable scales of motion. 
The presented analysis can thus be used to define a largest length 
scale in Lagrangian-averaged flow on the sphere, facilitating reduced-
complexity simulations of, e.g., geophysical fluid-dynamical systems. 
Specifically, the contributions are the following.

1. We perform spectral analysis for averaged turbulence on the 
sphere to obtain scaling laws for the double cascade, using the 
geometric stream function-vorticity formulation. The analysis is 
carried out for the 𝛼-𝛽-NS equations, which encompass both 
the standard NS equations and the NS-𝛼 model. By adhering to 
the stream function-vorticity formulation, we exploit geometric 
properties of the two-dimensional Euler equations and simplify 
previous work on the scaling of the Navier–Stokes equations [3]. 
Specifically, without averaging we recover the double cascade 
of two-dimensional turbulence. When averaging, a steep energy 
scaling is found at high wave numbers, where the onset to this 
scaling is determined by 𝛼 and the scaling rate is determined by 
the averaging strength 𝛽.

2. A necessary condition is derived for the inverse energy cascade 
to exist in averaged turbulence, which imposes certain condi-
tions on the averaging operator. This ensures that the analysis is 
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valid for any type of operator relating the vorticity and stream 
function that decays sufficiently fast at high wave numbers.

3. The energy and enstrophy flux rates are derived and are shown 
to distinctly depend on the chosen averaging operator. The 
disparity between these flux rates permits control over the fluxes 
through an appropriate choice of averaging operator.

4. The derived energy scaling laws are supported by numerical 
results carried out with a structure-preserving integrator, provid-
ing robust numerical support of the theoretically derived double 
cascade in averaged turbulence.

The averaged Navier–Stokes equations are a model for the dynamics 
of the large-scale flow in a turbulent fluid. Here, the spatial domain is 
the two-dimensional sphere S2 and the governing equations are given 
by 
𝑚̇ + ∇𝑢𝑚 + ∇𝑇𝑚𝑢 = 𝜈(𝛥𝑚 + 2 𝑚) − 𝛾𝑢 + 𝑓, (1)

where 𝑚̇ = 𝜕𝑚
𝜕𝑡  denotes time derivative, ∇ and ∇𝑇  denote the covariant 

derivative and its transpose under the 𝐿2-metric, 𝑢 denotes the aver-
aged velocity field of the fluid, and 𝑚 = (1 − 𝛼2𝛥)𝛽𝑢 is the velocity, 
or momentum. The parameter 𝜈 ∈ R+ determines the viscosity of 
the fluid, 𝛾 ∈ R+ is the friction parameter, and 𝛼 is a length scale 
associated with the smoothing effect of the Helmholtz operator. The 
parameter 𝛽 ∈ R+ determines the strength of the averaging, or, for 
integer values, the number of times the Helmholtz filter is applied. 
The addition of 𝛽 marks an extension of the averaging operator when 
compared to preceding studies of the 𝛼-model. We refer to Eq.  (1) as 
the 𝛼-𝛽 averaged Navier–Stokes equations.

An equivalent formulation of Eq.  (1) is the stream function-vorticity 
formulation. We distinguish between the velocity 𝑢 and the momentum 
𝑚 via the relations ∇⟂ ⋅ 𝑚 = 𝜔 and ∇⟂𝜓 = 𝑢, where ∇⟂ is the skew-
gradient on the sphere, obtained by rotating the gradient by 𝜋∕2 in the 
tangent plane of the sphere. The scalar functions 𝜔 and 𝜓 are referred to 
as the vorticity and the stream function, respectively. The formulation 
via 𝜔 and 𝜓 avoids having to deal with the covariant derivative terms 
in (1), which can be cumbersome numerically, and which simplifies the 
spectral analysis of energy fluxes. The resulting formulation reads 
𝜔̇ = −{𝜓,𝜔} + 𝜈𝛥𝜔 + 2𝜈𝜔 − 𝛾𝜔,

−𝛥(1 − 𝛼2𝛥)𝛽𝜓 = 𝜔,
(2)

where 𝜔 ∈ 𝐶∞
0 (S2) is the vorticity of the fluid, and 𝜓 ∈ 𝐶∞(S2)∕R is 

the stream function, which is determined up to a constant. The Poisson 
bracket {⋅, ⋅} is defined by 
{𝑓, 𝑔} = ∇𝑓 ⋅ ∇⟂𝑔, (3)

and its unaltered appearance in (2) alludes to the geometric proper-
ties of 𝛼-modeling [1]. The 𝛼-𝛽-averaged Navier–Stokes equations (2) 
are a generalization of the usual Navier–Stokes equations, which are 
obtained as 𝛼 = 0. A qualitative illustration of the averaging is given 
in Fig.  1, depicting the smoothed vorticity fields for several values of 
𝛼 and 𝛽.

There are several possible notions of energy and enstrophy in the 
averaged Navier–Stokes equations. However, a natural choice is to 
consider the energy and enstrophy that are preserved in the limit of 
vanishing viscosity and friction. This energy is given by 

𝖤tot =
1
2 ∫S2

𝜔𝜓 (4)

and the enstrophy is given by 

tot =
1
2 ∫S2

𝜔2. (5)

In fact, the 𝛼-𝛽-averaged Euler equations, given by 
𝜔̇ = −{𝜓,𝜔},

2 𝛽 (6)

−𝛥(1 − 𝛼 𝛥) 𝜓 = 𝜔,

2 
form a Hamiltonian system on 𝐶∞
0 (S2) with Hamiltonian 𝐻 = ∫S2 𝜔𝜓 . 

The smoothed stream function enters the definition of the energy, 
thereby inhibiting the creation of scales below a certain threshold 
defined by 𝛼 and yielding a nonlinear dispersive modification of the 
Navier–Stokes equations [4].

For the 𝛼-model, the parameter 𝛼 profoundly affects the distribution 
of energy across the resolvable scales of motion [5]. The energy scalings 
in spectral space of the 𝛼-𝛽-averaged Navier–Stokes equations are the 
focus of the current study. In three dimensions, the energy spectrum 
of the NS-𝛼 model shows a −3 scaling at wave numbers where the 
averaging is dominant, rather than the standard −5∕3 scaling [4]. A 
similar result has been established for the two-dimensional NS-𝛼 model 
theoretically and numerically, yielding a −5 scaling in the direct enstro-
phy cascade regime at wave numbers where the averaging is strong [2]. 
Furthermore, the latter showed that the cascading conserved quantity 
in the 𝛼-model determines the scaling of derived statistical quantities 
in two-dimensional turbulence.

The suppression of small-scale motions in averaged turbulence is 
computationally appealing, since this property facilitates numerical 
simulations. This property has been exploited in computational large-
eddy simulation (LES) studies, which serves as the main practical 
application of Lagrangian-averaged fluid models. Re-writing the av-
eraged equations of motion in terms of the smoothed momentum 
casts them into a standard LES template, where the divergence of the 
turbulent stress tensor is modeled as a forcing term [6]. The nonlinearly 
dispersive 𝛼-model, as opposed to commonly used dissipative models, 
encompasses Leray regularization [7,8] and has shown favorable results 
for turbulent mixing when compared to eddy-viscosity models [6,9]. 
The 𝛼-model has previously also shown stable and accurate results 
at reduced resolution in three-dimensional flows at high Reynolds 
number [10,11].

The present study concerns the two-dimensional Navier–Stokes 
equations, which serve as a prototypical model in geophysical fluid dy-
namics where transport phenomena play an important role. As such, the 
results derived in this paper aid the simulation of large-scale ocean or 
atmosphere dynamics on spherical domains. The 𝛼-modeling approach 
has previously also found meaningful applications in ocean modeling 
on flat domains. For example, the 𝛼-model and Leray model are studied 
in the context of the primitive equation ocean model [12–14], yielding 
flow statistics resembling those obtained with no-model high-resolution 
simulations. In addition, qualitative flow dynamics also complied with 
higher-resolution numerical simulations. More recently, the NS-𝛼 model 
was implemented to study coastal hydrodynamics [15] and was also 
found to recover high-resolution turbulence statistics on low-resolution 
grids.

Here, we focus on the distribution of energy in two-dimensional 
homogeneous isotropic turbulence on the sphere. The novel inclusion 
of 𝛽 describes the rate at which high-frequency flow components are 
curbed, and thereby enables stricter control over the roll-off of the 
energy spectrum. Furthermore, a range of numerical experiments are 
carried out to study the robustness of the 𝛼-𝛽-model and investigate 
at which parameter regimes the large-scale flow features can still be 
predicted reliably.

The Lagrangian-averaged Navier–Stokes equations share mathemat-
ical and statistical properties with the standard Navier–Stokes equa-
tions. For example, the 𝛼-Navier–Stokes equations can be cast in a vari-
ational formulation [16], using the assumption that fluctuations smaller 
than length scale 𝛼 are frozen in the mean flow. In three-dimensional 
turbulence, the 𝛼-model is shown to not affect the connection between 
second- and third-order structure functions at separation distances 
larger than 𝛼 [17], further substantiating that the model is suited to 
accurately resolve the large scales of turbulent motion. Moreover, a 
derivation of the NS-𝛼 equations from the Kelvin circulation theorem is 
given by taking the integral over a loop moving with a spatially filtered 
velocity [4]. For two-dimensional fluids, this implies that inviscid aver-
aged equations retain the conserved quantities of the two-dimensional 
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Fig. 1. Illustration of the smoothing effect on the vorticity. Left: Vorticity snapshot representative of the Navier–Stokes equations. Right: Smoothed fields after applying the 𝛼-𝛽-filter 
to the vorticity field on the left.
Euler equations. The 𝛼-𝛽-NS model may thus serve as a deterministic 
reference model for flow descriptions in which the transport velocity 
is stochastically perturbed, such as (Lagrangian-averaged) stochastic 
advection by Lie transport ((LA-)SALT) [18–20].

Recent studies on SALT have shown that many models in GFD, 
representing various physical phenomena, can accommodate structure-
preserving stochastic perturbations. Examples include the two
-dimensional Euler and Navier–Stokes equations [21], (thermal) quasi-
geostrophic equations [22,23], shallow water equations [24] and mod-
els in magnetohydrodynamics [25]. This approach can be combined 
with deterministic regularization through homogenization [21,26,27] 
or averaging [20], for example to distinguish between climate and 
weather [28]. In numerical studies, the stochastic perturbations replace 
the need for high-resolution simulations and simultaneously quantify 
the uncertainty due to unresolved scales of motion. For example, the 
use of SALT in the two-dimensional Euler equations [29,30], the (ther-
mal) quasi-geostrophic equations [31,32], and the rotating shallow 
water equations [33] was found to provide computationally efficient 
uncertainty quantification in advective processes.

The paper is structured as follows. In Section 2 we apply the analysis 
of Lindborg and Nordmark [3] to derive the cascade directions and 
spectrum scaling rates for averaged turbulence. This is followed by 
numerical experiments in Section 3. We verify the results of Section 2 
in two experiments, to study the averaging effect on both cascades. The 
paper is concluded in Section 4.

2. Cascade directions and spectrum scalings

In this section, we provide arguments for the transfer and cascade of 
energy and enstrophy for the 𝛼-𝛽-averaged Navier–Stokes equations (2). 
We show that the double cascade of two-dimensional turbulence also 
holds for the averaged equations. That is, energy and enstrophy below 
a forcing wave number move from low to high wave numbers, and in 
the opposite direction above the forcing wave number, as predicted by 
Kraichnan [34]. Briefly, this is because the definitions of the energy, 
enstrophy and the corresponding rates of change in the NS-𝛼 model 
(2) equals the spherical two-dimensional case up to a dimensionless 
wave number-dependent factor, since the averaging operator (1−𝛼2𝛥)𝛽
is diagonalized by the spherical harmonics basis. The key is to identify 
in which expressions this scaling factor appears, and how it affects the 
energy and enstrophy transfer rates.

We derive the expressions by expanding the relevant physical quan-
tities in the spherical harmonic basis, following the approach of Lind-
borg and Nordmark [3]. To this end, let (𝑌𝑙,𝑚, 𝑙 ∈ N0, 𝑚 = −𝑙,… , 𝑙) be 
the spherical harmonic functions, i.e., the eigenfunctions of the Laplace–
Beltrami operator 𝛥. The corresponding eigenvalues −𝜆𝑙 are given by

𝛥𝑌 = −𝑙(𝑙 + 1)𝑌 ∶= −𝜆 𝑌 . (7)
𝑙,𝑚 𝑙,𝑚 𝑙 𝑙,𝑚

3 
Consequently, a real scalar function 𝑔 ∈ 𝐿2(S2) can be expanded as 

𝑔(𝜃, 𝜙) =
∞
∑

𝑙=0
𝑔𝑙(𝜃, 𝜙), (8)

where 𝑔𝑙(𝜃, 𝜙) =
∑𝑙
𝑚=−𝑙 𝑎𝑙,𝑚𝑌𝑙,𝑚(𝜃, 𝜙) with 𝑎𝑙,𝑚 = ⟨𝑔, 𝑌𝑙,𝑚⟩𝐿2(S2).

For the expansion of the stream function 

𝜓 =
∞
∑

𝑙=0
𝜓𝑙 , (9)

it follows from the relation −𝛥(1 − 𝛼2𝛥)𝛽𝜓 = 𝜔 that 

𝜔 =
∞
∑

𝑙=0
𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝜓𝑙 ∶=

∞
∑

𝑙=0
𝜔𝑙 , (10)

which implies that 𝜓𝑙 = 𝜆−1𝑙 (1 + 𝛼2𝜆𝑙)−𝛽𝜔𝑙. Thus, the total energy (4) is

𝖤tot =
1
2 ∫S2

𝜔𝜓 =
∞
∑

𝑙=0

𝜆−1𝑙 (1 + 𝛼2𝜆𝑙)−𝛽

2
⟨𝜔𝑙 , 𝜔𝑙⟩𝐿2(S2).

We set 𝖤(𝑙) ∶=
𝜆−1𝑙 (1+𝛼2𝜆𝑙 )−𝛽

2 ⟨𝜔𝑙 , 𝜔𝑙⟩𝐿2(S2) to be the energy in mode 
𝑙. In the limit of vanishing viscosity and friction, there are an infinite 
number of conserved quantities called Casimirs, given by integrals of 
analytic functions of the vorticity. All Casimirs can thus be expanded 
in Casimir functions of the form ∫S2 𝜔𝑘, where 𝑘 ∈ N. A well-known 
Casimir is the enstrophy (5), which in the series expansion (10) is given 
as

tot =
1
2 ∫S2

𝜔2 =
∞
∑

𝑙=0

1
2
⟨𝜔𝑙 , 𝜔𝑙⟩𝐿2(S2).

The enstrophy in mode 𝑙 is thus
(𝑙) = 𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝖤(𝑙).

The evolution of 𝖤(𝑙) is found by multiplying Eq.  (2) by 𝜔𝑙 and 
integrating over S2, 

∫S2
𝜔̇𝜔𝑙 = −∫S2

{𝜓,𝜔}𝜔𝑙 + ∫S2
(𝜈(𝛥𝜔 + 2𝜔) − 𝛾𝜔)𝜔𝑙 . (11)

Note also that

∫S2
𝜔̇𝜔𝑙 =

1
2
d
d𝑡
⟨𝜔𝑙 , 𝜔𝑙⟩ = ̇(𝑙) = 𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽 𝖤̇(𝑙).

We follow Lindborg and Nordmark [3] and introduce the quantity 

𝑇 (𝑙) = −∫S2
{𝜓,𝜔}𝜓𝑙 , (12)

so that the nonlinear term in (11) is given by 

−∫S2
𝜔𝑙{𝜓,𝜔} = 𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝑇 (𝑙). (13)

Eq.  (12) reveals that the behavior of 𝑇 (𝑙) is intimately connected to 
the Lie algebra structure of the Poisson bracket (3), and that the triadic 
interactions, central in the analysis of Kraichnan [34], Fjørtoft [35] and 
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Lindborg and Nordmark [3], are captured by the structure constants of 
the Poisson algebra in the spherical harmonics basis.

The remaining terms in Eq.  (11) are rewritten as

∫S2
𝜔𝑙𝛥𝜔 = −

∞
∑

𝑛=1
𝜆𝑛 ∫S2

𝜔𝑙𝜔𝑛 = −2𝜆2𝑙 (1 + 𝛼
2𝜆𝑙)𝛽𝖤(𝑙), (14)

∫S2
𝜔𝑙𝜔 =

∞
∑

𝑛=1
∫S2

𝜔𝑙𝜔𝑛 = 2𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝖤(𝑙) (15)

where we have used that 𝛥𝜔𝑙 = −𝜆𝑙𝜔𝑙. Thus, the energy transfer 
equation for the 𝛼-𝛽-averaged Navier–Stokes equations reads 
𝖤̇(𝑙) = 𝑇 (𝑙) − 2𝜈(𝜆𝑙𝖤(𝑙) − 2𝖤(𝑙)) − 𝛾𝖤(𝑙), (16)

which is the same equation as for the (standard) Navier–Stokes equa-
tions. To continue the analysis, we need to study 𝑇 (𝑙). We first expand 𝑇 (𝑙)
in the modes of 𝜓 and 𝜔 as 

𝑇 (𝑙) = −
∞
∑

𝑛=0

∞
∑

𝑠=0
∫S2

𝜓𝑙{𝜓𝑛, 𝜔𝑠}. (17)

Since 𝜓𝑙, 𝜓𝑛 and 𝜔𝑠 consist of finite linear combinations of spherical 
harmonics, it follows from Eq.  (17) that the qualitative behavior of 𝑇 (𝑙)
is described by the structure constants 𝐶𝑙𝑚,𝑛𝑚′ ,𝑠𝑚′′ = ∫S2 𝑌𝑙,𝑚{𝑌𝑛,𝑚′ , 𝑌𝑠,𝑚′′}. 
As these are independent of 𝛼 and 𝛽, the analysis of the energy transfer 
in the 𝛼-𝛽-averaged Navier–Stokes equations is identical to the anal-
ysis of the usual Navier–Stokes equations on the sphere, detailed by 
Lindborg and Nordmark [3], up to the scaling factor (1 + 𝛼2𝜆𝑙)𝛽 .

We now show that the kinetic energy dissipation vanishes for the av-
eraged Navier–Stokes equations in the limit of small viscosity, following 
the same analysis as Lindborg and Nordmark [3]. This result implies 
that there can be no Richardson energy cascade, and that energy is 
instead transferred to large scales in an inverse cascade. The evolution 
of the average total energy 𝖤̄tot and enstrophy ̄tot are given by
d𝖤̄tot
d𝑡

= −𝜀 (18)

d̄tot
d𝑡

= −𝜂, (19)

where 𝜀 =
∑∞
𝑙=1(2𝜈𝜆𝑙 − 4𝜈 + 2𝛾)𝖤(𝑙) and 𝜂 =

∑∞
𝑙=1 𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽 (2𝜈𝜆𝑙 −

4𝜈 + 2𝛾)𝖤(𝑙) respectively denote the average energy and enstrophy 
dissipation rates.

By omitting energy and enstrophy loss due to friction, i.e., terms 
with 𝛾, the result of Lindborg and Nordmark [3] can be cast in the 
present notation as

𝜀 =
∞
∑

𝑙=1
2𝜈

(

𝜆𝑙 − 2
)

𝖤(𝑙), (20)

𝜂 =
∞
∑

𝑙=1
2𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝜈

(

𝜆𝑙 − 2
)

𝖤(𝑙). (21)

We deduce that kinetic energy dissipation vanishes in the limit 𝜈 → 0. 
Indeed, inserting 𝜆−1𝑙 (1+𝛼2𝜆𝑙)−𝛽(𝑙) = 𝖤(𝑙) into the equation of 𝜀 yields

𝜀 =
∞
∑

𝑙=1
2𝜈

(

𝜆𝑙 − 2
)

𝜆−1𝑙 (1 + 𝛼2𝜆𝑙)−𝛽(𝑙). (22)

Since 
𝜆𝑙 − 2

𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽
< 1, (23)

for all 𝑙, we have that 

𝜀 =
∞
∑

𝑙=1
2𝜆−1𝑙 (1 + 𝛼2𝜆𝑙)−𝛽𝜈

(

𝜆𝑙 − 2
)

(𝑙) <
∞
∑

𝑙=1
2𝜈(𝑙) = 2𝜈̄tot . (24)

The enstrophy is a positive quantity that is non-increasing in time, since 
𝜂 is nonnegative. This indicates that the kinetic energy dissipation has 
an upper bound in terms of the viscosity and the total enstrophy. The 
enstrophy is bounded from above; hence the energy dissipation must 
vanish if 𝜈 → 0. (It is clear that the kinetic energy dissipation cannot be 
4 
negative.) This result does not follow in three-dimensional turbulence, 
where the enstrophy can grow due to vortex stretching [36].

We continue the analysis by studying the spectral energy and en-
strophy fluxes. These are respectively defined as

𝛱𝖤tot
(𝑘) =

∞
∑

𝑙=𝑘
𝑇 (𝑙) = −

𝑘−1
∑

𝑙=1
𝑇 (𝑙), (25)

𝛱tot (𝑘) =
∞
∑

𝑙=𝑘
𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝑇 (𝑙) = −

𝑘−1
∑

𝑙=1
𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽𝑇 (𝑙), (26)

where energy and enstrophy conservation is used to obtain the right-
hand sides [3]. Now, the analysis of the fluxes presented by Lindborg 
and Nordmark [3] can be repeated verbatim since the behavior of the 
fluxes is determined by the structure constants, which are independent 
of 𝛼 and 𝛽. The only difference is that the scaling factor describing the 
enstrophy transfer within a triad of modes, when given in terms of the 
energy transfer within these modes, is given by 𝜆𝑙(1 + 𝛼2𝜆𝑙)𝛽 instead 
of 𝜆𝑙. Thus, the qualitative reasoning in Lindborg and Nordmark [3, 
Section 5-6] can still be applied. We therefore have that the enstrophy 
flux is positive when the energy flux is zero, and vice versa for the 
energy flux. Moreover, in the case of narrow-band forcing in spectral 
space, more energy is transferred to low wave numbers than to high 
wave numbers, and the opposite holds true for the enstrophy [37].

Assume now that the forcing is concentrated at a wave number 
𝑙𝑓 , such that 𝑙𝑓 ≪ 1∕𝛼. In that case, we expect three distinct scaling 
regimes to appear in the energy spectrum. At wave numbers 𝑙 ≪ 1∕𝛼, 
i.e., wave numbers at which the effect of the averaging is negligible, 
the distribution of energy should follow the double cascade observed 
in the standard Navier–Stokes equations. That is, the energy spectrum 
scales as 𝑙−5∕3 in the energy cascade range (when 𝑙 ≪ 𝑙𝑓 ) and as 𝑙−3
in the enstrophy cascade range (when 𝑙𝑓 ≪ 𝑙 ≪ 1∕𝛼). This means that 
the large flow scales are largely unaffected by the averaging. A third 
regime appears at wave numbers such that 𝑙 ≫ 1∕𝛼, i.e., wave numbers 
at which the effect of the averaging is significant. In this regime, 
dimensional analysis as in Kraichnan [34] and the approximation 𝑙(𝑙 +
1) ≈ 𝑙2 for large wave numbers, as in Lindborg and Nordmark [3], 
predicts that 
(1 + 𝛼2𝑙2)𝛽𝖤(𝑙) ≈ 𝑙−3. (27)

Equivalently, this implies that the energy spectrum scales as 
𝖤(𝑙) ≈ 𝑙−3−2𝛽 , (28)

resulting in a steeper decline of the energy than predicted in the enstro-
phy cascade range, with a stronger suppression of energy as 𝛽 increases. 
This is in line with Lunasin et al. [2], who derive via dimensional 
analysis and numerical simulations that the energy spectrum should 
scale as 𝑙−5 for 𝛽 = 1. 

Remark 2.1. Note that the above derivation is not limited to the 
operator (1 − 𝛼2𝛥)𝛽 . Indeed, let 𝑔 =

∑∞
𝑙=0 𝑔𝑙 ∈ 𝐶∞(S2). If 𝐿 ∶ 𝐶∞(S2) ↦

𝐶∞(S2) is a linear operator defined by

𝐿(𝑔) =
∞
∑

𝑙=0
𝐿̃(𝜆𝑙)𝑔𝑙

for some function 𝐿̃ such that
1. 𝐿̃(𝜆𝑙) is a dimensionless quantity,
2. 𝜆𝑙

𝐿̃(𝜆𝑙)
< 1,

then the above analysis also holds when 𝜓 = 𝐿̃(𝜔). For instance, 𝐿̃(𝜆𝑙)
could be chosen such that it equals 𝜆𝑙 if 𝑙 is small, and only apply 
𝛼-𝛽 smoothing for wave numbers above a specified value.

3. Numerical experiments

We now give numerical illustrations of the results derived in Sec-
tion 2.
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3.1. Computational method

The spatial discretization of the equations of motion (2) follows 
the self-consistent finite-dimensional truncation method of Zeitlin [38,
39]. In the absence of viscous dissipation and external forcing, the 
vorticity Eq. (2) forms a Lie–Poisson system [40,41] on the space of 
smooth functions on the sphere ∞(𝑆2). The Zeitlin approach pro-
vides a finite-dimensional truncation of the Poisson bracket through 
geometric quantization [42–44], thereby enabling a fully structure-
preserving discretization of the convection operator. The method relies 
on a projection 𝛱𝑁 ∶ ∞(𝑆2) → u(𝑁) of smooth functions to complex 
𝑁 × 𝑁 skew-Hermitian matrices and replacing the Poisson bracket 
by the matrix commutator 1

ℏ [⋅, ⋅] for ℏ = 2∕
√

𝑁2 − 1. In particular, 
as the mathematical structure of the continuous system and the dis-
crete system are geometrically and algebraically similar, the spectral 
behavior of the continuous system is accurately captured by the dis-
crete system even at modest resolutions. This has been shown for 
homogeneous isotropic turbulence on the sphere, where Kraichnan’s 
double cascade [34] is accurately captured in Zeitlin-based numerical 
simulations [45].

In this finite-dimensional approximation, a spherical harmonic basis 
element 𝑌𝑙𝑚 is identified with a matrix basis element 𝑇𝑁𝑙𝑚 ∈ u(𝑁). The 
value 𝑁 can be thought of as the adopted numerical resolution, and we 
have for 𝑁 → ∞:

1. 𝛱𝑁𝑓 −𝛱𝑁𝑔 → 0 ⟹ 𝑓 = 𝑔,
2. ‖𝛱𝑁{𝑓, 𝑔} − 1

ℏ

[

𝛱𝑁𝑓,𝛱𝑁𝑔
]

‖∞ = (1∕𝑁),
3. 𝛱𝑁𝑌𝑙𝑚 = 𝑇𝑁𝑙𝑚 ,

where ‖ ⋅ ‖∞ denotes the spectral norm. The Laplacian operator 𝛥 is 
replaced by the discrete Laplacian operator 𝛥𝑁  of Hoppe and Yau [46]. 
The critical property of 𝛥𝑁  is that the basis elements 𝑇𝑁𝑙𝑚  are the 
eigenvectors with corresponding eigenvalues −𝑙(𝑙+1), analogous to the 
Laplacian and the spherical harmonics.

A discrete approximation of the vorticity 𝜔 is obtained after identi-
fying a spherical harmonic function 𝑌𝑙𝑚 with the matrix harmonic 𝑇𝑁𝑙𝑚 . 
The spherical harmonic coefficients of the vorticity are computed as 
𝑐𝑙𝑚(𝑡) = ⟨𝜔(𝑡), 𝑌𝑙𝑚⟩𝐿2(𝑆2), after which the matrix approximation 𝑊  of 𝜔
reads 

𝑊 (𝑡) =
𝑁−1
∑

𝑙=0

𝑙
∑

𝑚=−𝑙
𝑐𝑙𝑚(𝑡)𝑇𝑁𝑙𝑚 . (29)

The stream matrix 𝑃  is computed analogously from 𝜓 . The discrete 
approximation to the equations of motion (2) are given by 

𝑊̇ = − 1
ℏ
[𝑃 ,𝑊 ] + 𝜈𝛥𝑁𝑊 + 2𝜈𝑊 − 𝛾𝑊 ,

−𝛥𝑁 (1 − 𝛼2𝛥𝑁 )𝛽𝑃 = 𝑊 .
(30)

In particular, the system (30) has Casimir functions in the absence of 
viscosity and external forcing and damping. These are defined as the 
traces of the powers of vorticity [38], 
𝐶𝑘(𝑊 ) = Tr(𝑊 𝑘), (31)

analogous to the integrated powers of vorticity in the original sys-
tem. We employ an isospectral Lie–Poisson integrator [47–49] for 
the convective term to preserve these Casimir functions. The viscous 
dissipation and external forcing and damping terms are integrated 
using a Crank–Nicolson scheme [50]. We denote these time integration 
schemes over a time interval of length ℎ by 𝜙iso,ℎ and 𝜙CN,ℎ, respec-
tively. A single time integration step of length ℎ for (30) is then carried 
out using the Strang splitting [51] as 
𝑊 𝑛+1 =

(

𝜙CN,ℎ∕2◦𝜙iso,ℎ◦𝜙CN,ℎ∕2
)

(𝑊 𝑛), (32)

where the superscript 𝑛 denotes the 𝑛th time step. This provides a 
second-order time discretization of the dynamics.
5 
3.2. Details of the numerical experiments

Two series of numerical experiments are carried out. All results 
are compared to numerical results of the standard Navier–Stokes equa-
tions obtained with the same computational method. Each numerical 
realization is driven to a statistically stationary state via an external 
forcing placed at a forcing wave number 𝑙𝑓 , combined with a friction 
coefficient 𝛾 to prevent energy build-up in low wave number modes. 
The Reynolds number follows from the forcing-dependent definition 
𝑅𝑒 =

[

𝖤(𝑙𝑓 )∕𝑙𝑓
]1∕2 ∕𝜈 as presented by Kraichnan [34]. The external 

forcing is defined as white noise in time to control the energy injection 
rate [52], multiplied by a magnitude 𝑓mag. We estimate 𝖤(𝑙𝑓 ) as 𝖤(𝑙𝑓 ) =
𝑓 2
mag(2𝑙𝑓+1)∕(𝜆𝑙𝑓 (1+𝛼

2𝜆𝑙𝑓 )
𝛽 ) and adjust the viscosity parameter 𝜈 so that 

a specified Reynolds number is obtained. All numerical simulations are 
run until a statistically stationary state is reached, which we define by 
having a constant time-averaged energy spectrum over different time 
intervals.

In the first set of experiments, the forcing is placed at wave number 
𝑙𝑓 = 5 to allow the maximal possible development of the enstrophy 
inertial subrange. The Reynolds number is set to 1200. A sequence 
of values for 𝛼 and 𝛽 is applied in separate numerical simulations 
to obtain clear numerical evidence of the different scaling regimes 
predicted in the previous section. Here, we adopt all combinations of 
𝛼 ∈ {1∕100, 1∕50, 1∕20} and 𝛽 ∈ {1, 2}.

The second set consists of simulations in which a double cascade 
can develop, by placing the external forcing at wave number 𝑙𝑓 = 50. 
This experiment is carried out at resolution 𝑁 = 512 with 𝑅𝑒 =
1200 and is repeated at 𝑁 = 768 with 𝑅𝑒 = 1550 to illustrate that 
the predicted scaling laws remain intact over varying resolutions and 
Reynolds numbers. We show numerically that this choice of forcing 
already allows for the formation of a double cascade at the employed 
resolutions. The same values of 𝛼 and 𝛽 are applied as in the first set 
of experiments to study the effects of the averaging procedure in both 
regimes of the classical double cascade.

3.3. Enstrophy cascade scalings

The first set of numerical simulations is used to verify the predicted 
scaling laws in the enstrophy cascade regime for different values of 
𝛼 and 𝛽. The energy spectra are shown in Fig.  2 along with reference 
scalings. The standard Navier–Stokes result is the same in both panels, 
and the departures from this energy spectrum clearly display the effect 
of the averaging on the distribution of energy across the scales of 
motion.

The left panel shows the results for 𝛽 = 1. The predicted −5 scaling is 
attained in the results of the averaged Navier–Stokes equations. This is 
best observed for 𝛼 = 1∕20, which causes the averaging term to become 
dominant at wave numbers well separated from wave numbers at which 
dissipative effects are strong. The averaging is further amplified for 
𝛽 = 2, visible from the energy spectra in the right panel. A clear −7
scaling is found for these parameter values, which agrees with the 
prediction in the previous section. The cusp between the two scalings 
in the energy spectrum appears sharper than for 𝛽 = 1, which is due 
to the term (1 − 𝛼2𝜆𝑙)𝛽 growing exponentially for increasing 𝛽 and thus 
strongly increasing the averaging effect.

3.4. Robustness of the double cascade and spectral fluxes

In the second set of numerical simulations, we investigate how 
the averaging affects the double cascade observed in two-dimensional 
turbulence. The corresponding energy spectra are given in Figs.  3 and
4. Even at the modest adopted resolution 𝑁 = 512, the −5∕3 and 
−3 scalings as predicted by Kraichnan are accurately captured. The 
𝛼-𝛽-averaged Navier–Stokes equations display the expected scalings 
at high wave numbers for all considered values of 𝛼 and 𝛽, at both 
considered resolutions. This coincides with the results reported in the 
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Fig. 2. Energy spectra as a function of the wave number for various choices of 𝛼 and 𝛽. The Kraichnan scaling −3 and the expected scalings −3 − 2𝛽 are provided for reference. 
The vertical lines indicate the placement of the forcing at 𝑙𝑓 = 5 and the scaling breaks associated with the adopted values of 𝛼.

Fig. 3. Energy spectra as a function of the wave number for various choices of 𝛼 and 𝛽, at resolution 𝑁 = 512 with 𝑅𝑒 = 1200. The Kraichnan scalings −5∕3 and −3 and the 
expected scalings −3 − 2𝛽 are provided for reference. The vertical lines indicate the placement of the forcing at 𝑙𝑓 = 50 and the scaling breaks associated with the adopted values 
of 𝛼.

Fig. 4. Energy spectra as a function of the wave number for various choices of 𝛼 and 𝛽, at resolution 𝑁 = 768 with 𝑅𝑒 = 1550. The Kraichnan scalings −5∕3 and −3 and the 
expected scalings −3 − 2𝛽 are provided for reference. The vertical lines indicate the placement of the forcing at 𝑙𝑓 = 50 and the scaling breaks associated with the adopted values 
of 𝛼.
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Fig. 5. Spectral convective energy fluxes (left) and enstrophy fluxes (right) as a function of the wave number.
previous subsection. In agreement with theoretical predictions, these 
results indicate that the expected scalings are obtained independent of 
the Reynolds number. Of particular interest are the results obtained 
with 𝛼 = 1∕20 (𝛼 = 0.05), where the term 𝛼2𝜆𝑙 becomes significant at 
wave numbers smaller than the forcing wave number 𝑙𝑓 = 50. For this 
value of 𝛼, the averaging effect for 𝛽 = 1 is difficult to discern at wave 
numbers 𝑙 < 50. However, a deviation is observed in the inverse energy 
cascade for 𝛼 = 1∕20 and 𝛽 = 2.

Injecting the energy at wave number 𝑙𝑓 = 50 allows for a clear iden-
tification of the energy and enstrophy fluxes. The energy is expected 
to move from the forcing wave number towards low wave numbers in 
the standard Navier–Stokes equations [3,34], whereas the enstrophy is 
expected to move to high wave numbers. This qualitative behavior is 
not expected to change for the 𝛼-𝛽-Navier–Stokes equations, following 
the analysis in Section 2. To illustrate this, we take a vorticity field from 
the standard Navier–Stokes equations in a statistically stationary state 
and compute the corresponding stream function for various values of 
𝛼 and 𝛽. Subsequently, the spectral fluxes are computed following their 
respective definitions in (25) and (26).

The fluxes are presented in Fig.  5, normalized by the maximum 
absolute value of the corresponding flux for the standard Navier–Stokes 
equations. The forcing causes the jump observed in both fluxes at 
𝑙 = 50. The negative energy flux for 𝑙 < 𝑙𝑓  indicates energy moving 
to low wave numbers. Similarly, the positive enstrophy flux for 𝑙 > 𝑙𝑓
implies that enstrophy is transferred to high wave numbers. This qual-
itative behavior is also observed in the fluxes of the 𝛼-𝛽-Navier–Stokes 
equations, suggesting that the double cascade is still present in the 
averaged equations. After all, the transfer function 𝑇 (𝑙) does not change 
qualitatively since it is defined in terms of the Poisson bracket and the 
vorticity, which both do not change when averaging, and the stream 
function, which is suppressed at higher wave numbers. This smoothing 
effect is especially visible as the energy fluxes approach zero at wave 
numbers 20 < 𝑙 < 50 for 𝛼 = 0.05 and 𝛽 = 2. A less pronounced 
damping is visible in the enstrophy flux. The disparity between the 
damping of the energy flux and the enstrophy flux is readily explained 
by the appearance of the stream function in their respective definitions. 
Namely, the stream function is subject to the averaging operator, which 
dampens the component at wave number 𝑙 by a factor (1 + 𝛼2𝜆𝑙)−𝛽 . 
This factor appears twice in the definition of the energy flux and only 
once in the enstrophy flux. Thus, the smoothing has a larger effect on 
the former than on the latter. The different effects on each of these 
fluxes implies that one can control the relation of the fluxes through 
an appropriate choice of averaging operator.
7 
4. Conclusions

In this paper, we carried out spectral analysis for averaged turbu-
lence on the sphere. The scaling laws for a class of Lagrangian-averaged 
Navier–Stokes equations were derived by extending the results of Lind-
borg and Nordmark [3] and utilizing the geometry of two-dimensional 
fluids in two distinct ways. First, the scaling laws were determined by 
studying the governing equations in stream function-vorticity formula-
tion that yielded simple expressions for the relevant terms. Second, the 
averaging operator was applied in a manner that retains the underlying 
geometric structure of the equations, thereby enabling an extension of 
previous results to encompass Lagrangian-averaged turbulence.

The averaging operator was found to suppress the energy in high 
wave number flow components, which is in agreement with previous 
studies on the Navier–Stokes-𝛼 model. Here, an extension to previous 
models was included through an additional parameter that determines 
the number of times that the smoothing is applied. This lead to a class 
of averaging operators that not only determines the onset of the energy 
suppression, but also allows for control over the rate of suppression. 
In particular, a necessary condition for the existence of the inverse 
cascade in two-dimensional turbulence was derived for the averaging 
operator. Furthermore, the energy flux and enstrophy flux were found 
to have a distinct dependence on the parameters of the averaging 
operator, allowing for control over these fluxes through the choice of 
parameters. The derived scaling laws, existence of the inverse cascade, 
and the energy and enstrophy fluxes were reproduced in numerical 
experiments performed with a structure-preserving integrator for flows 
on the sphere.

The results presented in this paper can serve as a reference for 
spectral analysis of other global geophysical fluid models that possess 
similar geometric properties as the Euler equations, such as the quasi-
geostrophic equations [53]. Additionally, the current results can be 
compared to geophysical fluid models where the advection velocity is 
stochastically perturbed, and a smoothing effect can be achieved by 
taking the expectation [18–20].
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