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ABSTRACT. We investigate theoretically and numerically transport noise-induced
diffusion in flows on the sphere. Previous analysis on the torus has shown that
suitably chosen transport noise in the Euler equations leads to diffusive be-
havior resembling the Navier—-Stokes equations. Here, we analyze dynamics on
the sphere with noise-induced differential operator dissipation and character-
ize their energy and enstrophy decay properties. Through structure-preserving
numerical simulations with the Zeitlin discretization, we demonstrate that ap-
propriately scaled transport noise induces energy dissipation while preserving
enstrophy and coadjoint orbits. The presented analysis provides a foundation
for further theoretical investigation of transport noise and supports the cali-
bration of transport noise models as a parametrization for unresolved processes
in geophysical fluid simulations.

1. Introduction. The broad range of length and time scales in fluid-dynamical
systems presents a major challenge in practical applications where accurate flow
predictions are essential. To make computations tractable, physical models are of-
ten simplified, and numerical simulations are truncated at finite resolutions. This
creates a need for additional closure models that account for unresolved dynam-
ics and mitigate the effects of numerical approximations. An emerging approach
within geophysical fluid dynamics is the use of transport noise [18, 24] on coarse
computational grids as a surrogate for computationally expensive high-resolution
simulations. This framework offers a structure-preserving parametrization of un-
resolvable scales and model uncertainty, enabling physically consistent stochastic
flow predictions at reduced computational costs. Numerical studies have demon-
strated the effectiveness of transport noise for efficient uncertainty quantification in
advection-dominated flows [5, 10, 29] with promising applications in data assimila-
tion [6, 8].

The increased use of transport noise in computational studies has spurred ana-
lytical developments to aid the calibration and understanding of stochastic models
[23, 17]. Our work is motivated by the seminal paper [12], where it was proven
that a suitable choice of transport noise in the Euler equations on the torus leads
to diffusive behavior resembling the Navier—Stokes equations. In particular, it is
shown in [12] that the correct choice of transport noise properties results in a dissi-
pation of energy. The goal of this paper is to investigate noise-induced dissipation
by structure-preserving simulation. The enabling factor of the current study is the
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development of a scalable geometric integrator for the Euler equations on the sphere
subject to transport noise [11]. An example of flow on the sphere is given in Fig. 1.

Deterministic Deterministic Euler Navier—Stokes
Euler Equations equations w. NIDE dissipation equations

Initial condition

Stochastic Euler Equations

FIGURE 1. Snapshots of fluid flow on the sphere, achieved from
the same initial condition but with different governing equations.
Deterministic equations are used in the top row; stochastic equa-
tions with various noise scalings are used in the bottom row.

The theoretical results by [12] unite the favorable geometric properties of trans-
port noise with dissipative properties of traditionally used reduced-complexity clo-
sure models. However, the resemblance between the stochastic Euler equations
and the Navier—Stokes equations arises in a limiting regime. The proof is delicate
and places precise requirements on the noise to achieve the necessary convergence
properties. On the torus, this is achieved by constructing the noise as a linear
combination of Fourier modes. Extending these results to other manifolds poses a
challenge, since these manifolds generally lack explicitly known Fourier bases, thus
requiring redefinition of the noise. A promising alternative is the sphere, where one
can use spherical harmonic functions to define distinct noise structures. Nonethe-
less, the exact way to converge to Navier—Stokes via transport noise on the sphere
is currently unknown, and a rigorous proof is expected to require substantial theo-
retical machinery. This is to be investigated carefully in future work.

This paper has two main objectives. First, it lays the groundwork for a detailed
analysis of transport noise in spherical geometries. Second, we perform structure-
preserving simulations that illustrate diffusive behavior of transport noise to support
the theoretical findings of [12].

2. Euler equations: Deterministic, stochastic, and dissipative. We intro-
duce the two-dimensional Euler equations on the sphere and highlight some of their
geometry. Subsequently, the stochastic Euler equations and dissipative Euler equa-
tions are introduced, which are central to the present work.
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2.1. Deterministic Euler equations. The deterministic Euler equations on S?
are given by

Ow+{,w} =0, Ag=w (1)

where w is the vorticity, ¥ is the stream function, and Ag2 is the Laplace—Beltrami
operator with respect to the standard round metric on the sphere. The Poisson
bracket is defined as

where V* is the skew-gradient obtained by rotating the gradient by 90 degrees.

The Euler equations form a Lie—Poisson system on the Lie—Poisson algebra
{C§°(S?),{-,-}} and have several conserved quantities. First, the energy is con-
served, given by

1

E@)z—gégmwm 3)

where dy is the volume form on S?. Second, there is an infinite number of conserved
quantities called Casimirs. For any smooth function f : S — R, the corresponding
Casimir is given by

Cotw) = [ 1) dn. (1)

A well-known example of a Casimir is the enstrophy, given by

S(w) = /S W dp.

Due to the Lie—Poisson structure of the Euler equations, solutions of the Euler
equations evolve on subspaces known as coadjoint orbits. This distinct geometric
structure of the Euler equations is conjectured to have important consequences for
the long-term behavior. Moreover, the geometric properties of the Euler equations
are not shared by the Navier—Stokes equations on the sphere,

Ow + {Y,w} + vAgw =0,

where v is the viscosity. In particular, the Navier—Stokes equation does not have
any conserved quantities, nor does the solution evolve on coadjoint orbits.

2.2. Euler equations with transport noise. As outlined above, the Euler equa-
tions have a distinct geometric structure. If one wishes to make the equations sto-
chastic while preserving this structure, one must introduce stochasticity in the form
of transport noise in (1). This yields

M
dw + {th,w}dt + Y {4, w} 0 dB} =0, (5)
i=1
where 9; : S? — R are scalar-valued smooth functions and B},..., BM are M

independent scalar Brownian motions. The multiplication here is understood in
the Stratonovich sense. The Stratonovich integral is used in (5), since the ordinary
chain rule holds for Stratonovich processes [22]. In turn, this facilitates the extension
of manifold-valued curves in differential geometry to manifold-valued processes [9].
The solutions to the stochastic Euler equations (5) still evolve on the coadjoint
orbits and have the Casimirs as conserved quantities. However, the energy (3) is
not necessarily conserved.
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The Stratonovich formulation of (5) provides a geometric way to include stochas-
ticity in the Euler equations. However, in this paper, we are interested in dissipative
properties of transport noise, for example, obtained as limiting behavior as the num-
ber of noise terms goes to infinity. For this reason, it is more useful to consider a
formulation that consists of a deterministic term and one zero-mean stochastic term,
i.e., to move to the It6 formulation. We employ the It6 correction [18] to obtain the
equation

M M
o+ [}t — 3 (o, (o}t 4 D (s} = (6)
i=1 i=1

Equation (6) now contains two additional terms compared to the deterministic Euler
equations (1). First, there is a zero-mean martingale term

M
N(w) = Y- {#i,w}dB; (7

and second, a dissipative term

M
Ao = 5 St (i, (8)

We refer to the operator Ay as the noise-induced differential (NID) operator, which
depends on the choice of ;.

Adding any one of the terms (7) or (8), but not the other, results in a drift away
from the coadjoint orbits. The idea of [12] is to prove that the L?-norm of Nys(w)
goes to 0 as M — oo, and that Aj; in turn converges, in an appropriate norm, to
a non-zero operator. The resulting system does not, thus, in the limit, evolve on
coadjoint orbits. In fact, in the case of T? when the sequence (17)7, is chosen
appropriately, as in [12], the NID operator A,; converges to the toroidal Laplacian
in a suitable sense. Thereby, in the limit, solutions to the Navier—Stokes equations
are recovered in the sense of H~! convergence.

We remark, however, that for any choice of finite M, a choice of non-zero func-
tions ()7L, results in a structure-preserving system, in the sense that (5) still
evolves on the coadjoint orbits. This is not the case for, e.g., the Navier—Stokes
equations. In the scaling limit considered by [12], the stochastic system converges,
possibly in a suitable norm, to a solution that no longer preserves the geometric
structure present with finitely many noise terms. While each system with a finite
number of terms evolves on a coadjoint orbit, the limit appears to lie outside this
solution space, indicating a breakdown or deformation of the underlying geometry
rather than a structure-preserving convergence.

Further, not all choices of (zbg)é‘io result in energy dissipation, and energy con-
servation can be achieved with certain selections of constant or solution-dependent
scalar fields. A particular example is the case where ¢, = ¢ = Agglw and ¥; =0
for i = 2,..., M. The resulting system is thus given by

dw + {1, w} (dt + oB;) = 0. 9)

Assuming the right solution regularity, we have the following energy evolution:

dE = — [/Sz{zb,w}zbdu} (dt + odBj}) = 0,
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since [o, {1, wlh = — [ {,w} = 0. Hence, we see that the energy is preserved
using this choice of NID-operator.

If we instead select the scalar fields analogous to the T?—case in [12], we obtain
the sequence

M M
wé,m = a@,m Y'E’m

V2UsaLT M 1 (10)

M
Yy = = ¢, Coom = 757 Vo<e<m
S O T N e S Ot
where [ > 0 and m = —I,...,l. Here, the parameter a > 0 prescribes the pos-

sible convergence behavior of the two operators (7), (8) according to the correct
Sobolev norm. We expect to retrieve dissipative behavior from such a selection
since {%¢,m,w} is not zero everywhere and the selection of ¥ ,,, does not depend on
the solution w. We will show results for the convergence of (6) to a deterministic
dissipative system, using heuristic computations. Through the limiting NID oper-
ator, although it is not the Laplace—Beltrami operator on the sphere, we obtain a
dissipative operator. Several numerical experiments are carried out to support this.

We note here that the correction to the Stratonovich integral, although dissipa-
tive, it is not always elliptic in non-flat settings. In particular, the functions v;
must satisfy some type of orthogonality condition in the induced quadratic form
that appears in the second—order operator. Specifically, we have the following: de-
noting the derivatives with respect to the first and second coordinates by 0, and 0o
in the parametrization, this quadratic form reads

W) = (Do1p3)?  —019;001; a1
R O R (On)?

The quadratic form associated with this matrix must satisfy v7 Wv > 0 for all z € S?
and all v € R? \ {0}. This is not always the case for every choice of scalar fields
and and the matrix is in general only semi-definite positive everywhere, under our
assumptions.

It is, however, possible to say that the operator is hypoelliptic. Indeed, we can
write the operator Aj; in the following way:

M 2
AM = Z ZL?J + LO,ja
j=1i=1
where Ll)j = %821&]/\/5 81 — %8117%‘ 82, Lg)]’ = —%82’(/}]‘ 81 + %81% 62 and the
linear operator LOJ' = —%81wj812¢j 81 + %82¢j821¢j 82. This selection of vector
fields satisfies Hormander’s condition [21], hence the operator is hypoelliptic for all
non-degenerate selections of ;.

2.3. Euler equations with NID operator dissipation. To better understand
the dissipative behavior of the stochastic Euler equations, we study the deterministic
equations with the dissipative term appearing in the It6 formulation (6). We refer
to these as the Euler equations with NID operator dissipation, which are given by

dw + {¢,w}dt — Apyw = 0. (12)

Several important fluid dynamical equations can be described on the form (12).
Indeed, by setting 11 = Y19, ¥2 = Y71 and ¢3 = Y7 1, and all other v, to 0, we
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have that by [28, Section 3.1]

3
Ayw = Z{YLZ" {Yl,i,w}} x Agzw.

=0

Thus, the Laplacian is a NID operator. Another NID operator appears in the
anticipated vorticity method (AVM), and is obtained with ¢ = v/2¢ = ASZ w and
all other functions set to zero,

AMW = {1/’7{1/’»“}} (13)

In the deterministic setting, this operator decays the enstrophy while leaving the
energy unaffected, resulting in a type of selective decay [30, 16]. The NID operator
(13) is in fact the Itd6—Stratonovich corrector appearing for the system (9), for which
we observed previously that the energy remained constant. In contrast to the Euler
equations with NID operator dissipation given by (13), the system (9) remains on
coadjoint orbits, meaning that the Itd noise term compensates for the enstrophy
dissipation.

Concerning the properties of the NID operator for a selection of sufficiently
smooth functions ¢;, Ay can dissipate energy as well as enstrophy. To this end,
consider the example system

f=Aumf,

where f is in the domain of A,;. To investigate the enstrophy dissipation properties,
we compute

SSU)

/ Z{we, (e, 3} fdu = / (e, {60, 1} flu

;ez L9460 -5 (o )

IS 95Tt A= 5 [ i (900 (w13
25 s e e 25 s R

1 M )
—— E d .
2[_1‘/82{11}67]0} MSO

Here, we have used the divergence theorem on the sphere and the fact that V-1,
is a divergence—free vector field for every choice of 1.
Likewise, for the energy, we find

d

E 1y Ag' d—lM Ag' d
< <f)——2;/sz{w, = e, ) u——glz_}/y{ S0, e, Fdn

This computation shows that the dissipative behavior of Ay; depends on how 1),
interacts with Agzl. For instance, if ¢y = As}lf as in the AVM operator (13), then
4E(f)=0.
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However, if we insert the sequence in (10) and use that A g Yom =
we obtain

e(e+1)Y€W

E(f)

1 M f
vy /Sz{wm,AS‘;f}{w,m,f}du

=1 m=—/

dt

. VSALT 9
- k—o0 QZZ££+12a+1/82{}/€,m7f}d//‘§0-

||{Ckv"}k:1,n:—k:,...,k”52 {=1m
(14)

This means that energy dissipates when using the sequence in (10). Similarly,
enstrophy dissipates as

d v
5500): SALT 222 £+1 /{}Qm,f} dup <0.

H{Ckn}k 1,n=—k,. k||€2 =1 m=
(15)

Clearly, enstrophy is dissipated faster than energy.

These results illustrate the effect of the noise scaling parameter a on the rate of
dissipation. Specifically, for each M > 0, the total dissipation depends on a € R
in such a way that increasing a places more emphasis on the low-degree modes in
the NID operator. Namely, as a grows, the quantity ||C.HZQ2 (£41)72271 reduces the
magnitudes corresponding to high-degree modes in the NID-operator. Thus, the
noise scaling has significant consequences. If chosen too large, the Boussinesq hy-
pothesis, which states that small-scale turbulent features act on large-scale features
in a dissipating manner, becomes irrelevant, and the scaling limit of the stochastic
equation is not guaranteed. This line of reasoning inspired [12]. On the other hand,
if a is too small, then the NID operator induces slow dissipation and a greater
deviation from the Navier—Stokes is expected.

2.4. Necessary requirement for dissipative noise limit on the sphere. We
now analyze briefly the choice of noise parameters (10), the possible scaling limit
and the behavior of the noise term.

Let us consider solutions w™ and w of (6) and (12), respectively. Postponing
the technical details to future work, we conjecture that w™ — w in a suitably weak
sense and that in particular, given ¢ € C>°(S?),

E[(@() — w(t),6)°] SE[("(0) - w(0),6)"] (16)

< / MM (5) s — / () s, ¢>>]

2
<Z > ()P Yo - V (VY- V¢>,w>
=0 m=—/¢
(17)
+ MM (18)
Here, the term /\/léw represents the stochastic part of (6),

Z Z / {(@? )V Y - V), w) dB™

£=0 m=—/¢

+E

2




8 SAGY EPHRATI, ERIK JANSSON AND ANDREA PAPINI

and is only affected by ¥, o™ and w™. It is evident that convergence of the solution
of the stochastic equation to the solution of the Euler equations with NID operator
dissipation at a minimum requires that M™ — 05/, in a suitable topology. To
this end, following [12], the weak convergence is to be understood in the usual
functional analytic sense, where the class of functionals is a dense subset of H!*¢
for some € > 0, obtained through duality with respect to the space where the white

noise can be defined, i.e. in H™'~ := UssoH ', We consider the following:
M 2
MM <E | sup Z / aph (VY VW) dBE™
LEI0TT gm0 m=—+¢
<E[Z 3 / 2(VEYM, V¢,w>2dt]
=0 m=—/
oMY S E / vm{ﬁwwdtl
=0 m=—1¢
< o |2.E /’|wvwﬁxﬁ]
0

< leM|Z Vo]l E

T
/ m%m] .
0

Hence, if we select the parameter a € Ry in (10) such that |||, — 0, the noise
vanishes.
For this reason, looking at (10), we note that

M 4

HO‘.Mniz = QVSALTZ Z cg,ml\{cam}llzf = 2vgALT-
=0 m=—4¢

This shows that the first term in (18) is bounded since we can bound each term
with E[jw||?. and a constant depending on the gradient of the spherical harmonics
and the test function ¢, leaving the £2-norm of our selected sequence. At the same
time, we obtain the £°°-norm of this sequence as

1
M 1 No<e<my -1

a =sup||{c ——— = |{e
[ oo = zﬁ”{ om g2 + 1) = [{eem iz
since the supremum is taken over all possible combinations of £, m with 0 < ¢ < M,
and we have that sup(o<s<nsmy ﬁ = 1 for every a € Ry. Using estimates on
the generalized harmonic series, we find that asymptotically

(M +1)*~Y 0<ac<l,

{cem ez ~ { (log(M +1))"2, a=1,
1/\@7 a>1.

Hence, when M — oo ||, {aph, }le converges to zero only when 0 < a < 1. Tt is
only possible in this case, at least in the distributional sense, for solutions of the
stochastic equation (6) to converge to those of the deterministic NID—equation (12).

Thus, when a > 1, we observe that the NID operator appears to regularize the
solutions by curbing high-frequency components similar to a Laplacian as seen in



DIFFUSIVE BEHAVIOR OF TRANSPORT NOISE ON §? 9

(14); however, convergence fails due to the constraint 0 < a < 1 when attempting
to pass to the limit. Consequently, taking the dissipative limit is expected to also
affect the solution at intermediate frequencies.

3. Computational method. The dissipative properties of transport noise are
supported by numerical simulations, presented in the subsequent section. In this
section, we introduce the geometric integration methods used to obtain reliable nu-
merical results. Using a structure-preserving discretization is crucial in the present
study, as it guarantees that the numerical solutions remain on coadjoint orbits and
that adverse discretization effects are minimal. We adopt the Euler—Zeitlin equa-
tions as a spatial discretization for the Euler equations on the sphere, which are
integrated in time with a stochastic Lie-Poisson integrator. We highlight these
methods below and provide a discussion on the interpretation of noise-induced dis-
sipation in discretized systems.

3.1. Discretized equations. We adopt the self-consistent finite-dimensional trun-
cation method of Zeitlin [31], for incompressible flow on the sphere as a spa-
tial discretization for the governing equations. The method provides a finite-
dimensional approximation through geometric quantization [19, 2, 3|, via a pro-
jection Iy : C°°(S?) — u(N) of smooth functions on the sphere to complex N x N
skew-Hermitian matrices. Here, N can be regarded as the numerical resolution.
This process replaces the Poisson bracket {-,-} by the matrix commutator f [, -]

where h = 2/4/N? — 1. The resulting discretized dynamics read

1
W Z[PW] =0, AyP=W (19)

where W is the vorticity matrix, and where P is the stream matrix. We will refer to
this system as the Zeitlin—Fuler equations. The discretized system has a Lie—Poisson
structure and possesses Casimir functions of the form

Cp =Te(f(W)). (20)

The solutions of the Zeitlin—Euler equations (19) evolve on coadjoint orbits, analo-
gous to those of the Euler equation (1). For an initial condition Wy = W (0), these
solutions spaces are given by O, = {g*Wo(g*)"t|g € SU(N)}.

The vorticity matrix and the stream matrix are related via the Hoppe—Yau Lapla-
cian Ay [20]. The latter is a discrete counterpart of the Laplace—Beltrami operator,
and has eigen-matrices T}, satisfying AnyT},, = —I(l 4+ 1)T},, analogous to the con-
tinuous spherical harmonic eigenfunctions Y;,, of Ag2. The analogy between the
eigenfunctions of Ay and Age is used to define the projection operator IIy. It acts
on a scalar field w by truncating the spherical harmonic expansion at degree N — 1
and replacing the basis functions Y;,, by the discrete approximations Tj,,,

N-1 1
W=Tyw =Y > wm(iTim), (21)
=0 m=—1
where wy,, are the spherical harmonic coefficients of w and ¢ is the imaginary unit.
We refer to [28] for a detailed description of the Zeitlin—Euler equations.

The discretization for the Navier—Stokes equations follows readily from the Zeitlin—
Euler equations (19) and the discrete Laplacian. Namely, the Hoppe—Yau Laplacian
is used to construct a viscous dissipation term vAyx W, where v is the viscosity. The
desired discretization is then obtained by adding this to the right-hand side of (19).
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Transport noise is included in the Zeitlin-Euler equations (19) analogously to
the continuous case. The added stochastic terms will be expressed as a linear
combination of the basis matrices 1j,,, so that we obtain

AW + —[P,W]dt + — Z Z [ Tirm, W] 0 dBI™ = 0. (22)

=1 m=-1

h[

This stochastic system of equations is isospectral and consequently shares the geo-
metric properties of the deterministic system (19). That is, the solution space re-
mains unchanged under the addition of transport noise, and therefore the Casimir
functions are retained. A detailed geometric description of the deterministic and
stochastic system is provided in [11].

The Stratonovich integral is used in (22), analogous to the stochastic equations
in the continuum (5). However, the Itd formulation is well suited for analysis. A
general derivation of the Itd form for transport noise is found in [18]. Below, we
provide the specific form corresponding to (22), where we denote the double sum
over I,m by >, for readability. We have

1 1 Im 1
dW + ﬁ[P, Wldt + 7 ;[almTlma W]dB," = =572 [Z mTim,

Z Qo Tyt s :|:| dt.

(23)
The corresponding Zeitlin—Euler equations with NID operator dissipation are
given by

Zal/m’/rl/m y ‘|‘| . (24)

3.2. Time integration. A Casimir-preserving symplectic midpoint method [11] is
employed for time integration of the isospectral parts of the stochastic and deter-
ministic systems to ensure preservation of the Lie—Poisson structure. We introduce
a fixed time step size h and use subscripts n,n + 1 to indicate the n'" and ensuing
time step. The integration method reads

n=h AW +Vh Y 0T (Gim)n

im
1~ - 1~
W, = (1 - 2Ph,n) W (1 + QPM) (25)
1~ ~ 1~
WnJrl = (I + 2Ph,n> w <I - 2Ph,n>

Here, ((im)n are truncated random variables suited for implicit stochastic inte-
gration [25]. Namely, if £ ~ A/(0,1), then the truncated variable ¢ is given by

W+ h[P W) = 2h2 [Zamsz,

A if €> A,
C={—-A if £€<—A, (26)
& it [ <A,

where A = /2l|logh| and [ is an arbitrary fixed positive integer, here chosen as
I = 2. These truncated variables are independent at each time step and for each
[ and m. This method has a strong order of convergence 1/2 and a weak order of
convergence of 1. In the absence of stochastic terms, the integrator (25) coincides
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with the second-order isospectral midpoint method for deterministic Lie—Poisson
systems [27] which is well-suited for simulating ideal spherical hydrodynamics [26].

3.3. Discussion on numerical investigation of dissipative limits. Recent de-
velopments in scaling limits of transport noise are predominantly theoretical, see
e.g., [12, 13, 4, 1]. The appearance of a dissipative term in the stochastic Euler
equations as the number of stochastic terms increases presents several challenges
for numerical studies, which we highlight below.

First, viscous dissipation does not preserve the geometric structure of the Eu-
ler equations. Equivalently stated, solutions to the Navier—Stokes equations do not
evolve on the coadjoint orbits that characterize the solution spaces of the Euler equa-
tions. The Zeitlin—Euler equations have a similar geometric structure as the Euler
equations, being a finite-dimensional Lie—Poisson system with solutions confined to
coadjoint orbits even when incorporating transport noise. This raises the question
of how well solutions outside the coadjoint orbits, due to viscous dissipation, can
be approximated by solutions constrained to the coadjoint orbits.

Second, and more importantly, any discretization of the stochastic Euler equa-
tions is necessarily finite-dimensional, and this limits the number of stochastic terms
that can be achieved numerically. In practice, this number is truncated at some
finite (possibly resolution—dependent) value, which implies that the findings by [12]
are generally not directly transferable to numerical studies using the Zeitlin model.
Instead, the exact deterministic dissipative limit can only be approximated. One
example can be seen in [15], where averaging the pathwise solutions can more eas-
ily show some behavior of the limiting equation, but only in simplifying settings.
While an alternative to this is, for instance, point-vortex dynamics as studied in
[14] where diffusion behavior via transport noise is shown, restoring stability to
Kelvin—Helmholtz effects.

To elaborate on this point, let w?™ denote the solution to the stochastic Euler
equations (5) on the 2-torus T? with M noise terms, under the selection of stream
functions from [12], and let wng denote the solution to the deterministic 2D Navier—
Stokes equations. Flandoli et al. [12] establishes, for equivalent in law processes,
using Skorokhod embedding, that

Jim Efjwss — wMIZ om. -5 T2y = 0,
in the limit as M — oo, That is, was converges to wyg over T2 in the distributional
sense for every § > 0. This result does not extend directly to the Zeitlin—FEuler
truncation w™, even for large M or increased numerical resolution. Thus, analogous
limiting behavior for w™ cannot be inferred. In fact, even though the vorticity
processes w™ converge to a limit w that is explicitly dissipative and should suggest
that a partial dissipation should be visible at the level of the stochastic solution w™,
this is not necessarily the case and such behavior clearly depends on the choices
of {1;}. Given the solutions w™ with almost surely preserved L?-norm for every
M >0, ie.,

P (w2 = llwg"ll 22, ¥t € [0,T]) =1,

the limit w = limp;_,o wps corresponds to a dissipative solution of the Navier—
Stokes equations, where kinetic energy and enstrophy decay over time. Therefore,
convergence in the sense of measure of

wy —w in C([0,T);H™)
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is optimal, as shown in [12]. Namely, stronger convergence (e.g., in C([0,T]; L?))
would imply conservation of the L? norm in the limit, contradicting the known
dissipative nature of Navier—Stokes solutions. Several constructions validate this
behavior:

e In [12], solutions w™ conserve vorticity norms but converge in H~ to dissipa-

tive deterministic solutions.
o If wy € C°(T?) and o™ are finitely supported for each M, then w™ remains
regular due to bounds on ||w ||, see [7, 12]. This leads to

lwi 22 = lwollzz  Vt >0,

yet wyy still converges weakly to a dissipative limit.

The weak convergence w™ — w in C([0,T]; H™) is insufficient to imply rigorously
anomalous dissipation, i.e. the enhancement of diffusion at the level of paths for
every choice of {1;} even when no previous dissipation is present in the system. Dis-
sipation appears in the limit, but not all approximating sequences exhibit dissipative
behavior, e.g. the choice (10) with a = 2 (presented in the next section), or in the
anticipated vorticity method (9) where energy is preserved every M. Consequently,
no universal conclusion regarding the dissipative behavior and its amplification can
be drawn from the scaling limit alone, hence it is impossible to rigorously show this
convergence in the truncated numerical system.

4. Numerical experiments. We proceed with ensemble simulations of the sto-
chastic Zeitlin—Euler equations. The noise scaling is chosen as

1
m=—— l=1,..., M,
m = 3 1)a o)
_ V2usarT
Qm = T Clm,
1 {cim }Hiiz

where M describes the maximal spherical harmonic degree at which the stochastic
forcing is activated and a determines the noise strength as the degree increases. All
simulations are started from the same initial condition, which is chosen by sampling
the first 10 spherical harmonic coefficients independently from the standard normal
distribution.

Both values are user-specified and will be varied in a range of numerical tests.
Specifically, we adopt a = 1.0, analogous to the scaling proposed on the torus [12],
and a = 2, for comparison. Note that the [>norm of the sequence {c;,,} depends
on the values of M and a.

The numerical simulations are performed at a resolution N = 256 with M =
N/16, N/8, N/4, N/2. This resolution is deemed sufficiently high to allow for in-
tricate turbulent dynamics to develop, while simultaneously being sufficiently coarse
to permit the simulation a large number of independent realizations. The maximum
adopted value of M is set to N/2 to minimize aliasing effects associated with finite
truncation in spectral methods. A short integration length is adopted so that the
flow remains well-resolved, i.e., no high-frequency flow components near the trun-
cation frequency develop. This ensures that discretization effects do not adversely
affect the numerical solution, while still allowing dissipative behavior to be observed.
The stochastic ensembles are compared to two distinct deterministic systems. First,
the standard Zeitlin—Navier—Stokes equations are used as a guideline for how viscous



DIFFUSIVE BEHAVIOR OF TRANSPORT NOISE ON §? 13

dissipation affects the flow. Second, the Zeitlin—Euler equations with NID opera-
tor dissipation (24) serve as an additional reference for the dissipative behavior in
stochastic systems.

The dissipation strength is quantified via the total energy, which for the Zeitlin—
Euler equations reads

1
H = —iTr(PW). (28)
We additionally measure the enstrophy
S =Tr(WW). (29)

The enstrophy is conserved in the standard deterministic Euler equations and the
stochastic Euler equations, as a consequence of the solutions evolving on coadjoint
orbits. The enstrophy is generally not conserved for the Navier—Stokes equations
and the Euler equations with NID operator dissipation.

4.1. Results. The evolution of the energy and the enstrophy is shown in Fig.2,
where the scaling (27) defines the stochastic terms and the NID operator. Each
stochastic ensemble consists of 100 realizations, and the shown values are obtained
by first computing the energy evolution for each realization and subsequently aver-
aging over the entire ensemble.

As expected, the energy and enstrophy in the solution of the Euler equations
remains constant while the Navier—Stokes equations and the NID Euler equations
dissipate energy and enstrophy. At a = 1, a distinct dissipative behavior is observed
in the stochastic Euler equations and the NID Euler equations, apparent from the
decrease in energy. Namely, increasing the number of terms in the stochastic forcing
or the NID operator increases the dissipation strength. More so, this result seems to
go in the direction of showing an enhancement of diffusion respect the conjectured
limit of the Navier—Stokes equation. Hence, suggesting a bridge to possible show
numerically some form of ”anomalous dissipation” as in [1]. At the same time, the
enstrophy of the stochastic Euler equations is preserved since these solutions remain
on coadjoint orbits. This suggests the feasibility of dissipation on coadjoint orbits
via transport noise.

Qualitatively different behavior is observed at a = 2. The energy and enstrophy
in the deterministic NID Euler are virtually indistinguishable when varying the
number of added terms. This is in line with the predictions made in Fig. 14 and
Fig. 15, that as a becomes larger, the higher modes become less importance. We
thus observe that if a = 2, then only the first few modes are relevant and the
behavior is strikingly close to the Laplacian, alluding to the Laplacian also being a
NID operator with only three terms.

Furthermore, a close agreement with the Navier—-Stokes equations is observed.
This is expected since increasing a results in a larger weight on the low-degree spher-
ical harmonics, hence the NID operator behaves more like the standard Laplace—
Beltrami operator. The dissipative behavior is not observed in the stochastic re-
alizations, suggesting that the scaling limit will not take place under such regime
and that the effect of the noise term balances our with the deterministic opera-
tor. In fact, the energy is roughly maintained throughout the entire simulated time
interval.

It can be noted, as a conclusion, that one of the possible reasons for observing
such behaviors in the stochastic equation when a = 2 could be traced to the fact
that putting emphasis on lower modes in the NID operator, makes it closer to a
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Laplacian and, at the same time the noise term behaves like |[aM |2, ~ vsarr in
norm, in a way that counteracts the dissipation, and this could potentially explain
the observed behavior.

Energy: N=256, v = 5.0x10%,a = 1 Energy: N=256, v = 5.0x10%, a = 2
0.995
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Soss0 g
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FIGURE 2. Energy evolution (top row) and enstrophy evolution
(bottom row) for various deterministic and stochastic simulations
at resolution N = 256. The deterministic simulations include the
standard Euler equations, the Navier—Stokes equations, and the
NID Euler equations based on various scalings (27). The ensemble
mean of the energy (enstrophy) is shown for each stochastic ensem-
ble. The noise scaling (27) is defined with @ = 1 (left column) and
a = 2 (right column).

5. Conclusions. In this paper, we investigated dissipative properties of transport
noise on the sphere. The geometry of the two-dimensional Euler equations prompt
the use of stochasticity understood in the Stratonovich sense. The corresponding
It6 formulation, more suited for analysis, revealed the presence a noise-induced
differential (NID) operator. This operator includes, e.g., the Laplace-Beltrami op-
erator, and its energy- and enstrophy-dissipating properties were analyzed. The
feasibility of reproducing scaling limits of transport noise were discussed.

Numerical experiments inspired by dissipative limits of transport noise were car-
ried out using the structure-preserving Zeitlin approach for the Euler equations on
the sphere. These experiments were performed using a recently developed scalable
integrator for stochastic Lie—Poisson dynamics. While it is generally infeasible to nu-
merically compute such dissipative noise limits, the presented results indicated that
dissipative behavior can be induced by transport noise with appropriately scaled
parameters. Simultaneously, the stochastic realizations maintained the geometric
properties also present in the solution of the deterministic Euler equation.

Future work is dedicated to further analysis of transport noise on the sphere.
Specifically, improving the understanding of the NID operator and deriving noise
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scalings to achieve dissipative limits can contribute to the calibration of transport
noise as a parametrization for unresolved processes in geophysical fluid simulations.
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