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Abstract. Long-term predictions of large-scale flow features on an Earth-like

planet are crucial for developing global atmospheric model systems. Such pre-
dictions require computational models, i.e., governing PDE systems combined

with appropriate numerical methods, to preserve essential structures of the

underlying physical model over extended simulation periods. We present a
Lie–Poisson formulation of the multi-layer quasi-geostrophhic (QG) equations

on the full globe, mimicking the dynamics in the troposphere extended over
the first 10 km of the atmosphere. The chosen computational modeling ensures

consistency with the underlying structure and enables long-term simulations

without the need for additional regularization, forcing, or numerical dissipa-
tion. Recent advancements in Lie–Poisson discretization that preserve energy,

enstrophy, and higher-order moments of potential vorticity are extended to
stratified QG multilayer systems on the sphere. We adopt Zeitlin discretiza-
tion, which yields a finite-dimensional dynamical system conserving all numer-

ically resolved Casimirs with machine-precision. Particular attention is given

to the convergence of critical latitude (ϕcl) predictions upon increasing the
spatial resolution per layer (N) and the number of layers in the model (M).

A systematic parameter study quantifies (i) that the dependency of ϕcl on the
resolution per layer N scales quadratically, showing near grid-independency for
N ≥ 96, and (ii) the critical latitude decreases with the number of layers M

for modest radial resolutions of M ≤ 32.

1. Introduction. The dynamics governing both the atmosphere and the oceans
are fundamental to shaping Earth’s weather systems and long-term climate patterns.
In particular, large-scale circulation is strongly influenced by wave phenomena, such
as Rossby and gravity waves. These wave-driven processes are highly sensitive to
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latitude. A critical concept in this context is the so-called critical latitude ϕcl, de-
fined as the latitude where the mean zonal flow speed coincides with the phase speed
of the relevant wave [27]. Accurately predicting this latitude is essential for quali-
tative understanding as well as quantitative modeling of global circulation patterns
in both atmospheric and oceanic contexts. Dynamics above and below the critical
latitude play a pivotal role in phenomena such as wave breaking, shifts in jet stream
position, and major climate oscillations, making it central to fields like meteorology,
climate modeling, and geophysical fluid dynamics [38]. Notably, near the critical
latitude, planetary Rossby waves may become unstable and break, triggering sig-
nificant effects such as potential vorticity mixing, changes in the jet stream, and
abrupt stratospheric warming events in polar regions [34]. The prevailing dynami-
cal regimes differ substantially between equatorial zones and latitudes significantly
higher than the critical latitude. Properly representing this holds promise for im-
proving extended-range forecasts and deepening our understanding of wave–mean
flow interactions [14].

Recently, we introduced a quasi-geostrophic (QG) model for flows on a rotating
sphere that remains accurate across all latitudes away from the equator [19, 10].
This formulation employs Zeitlin’s truncation strategy together with Lie–Poisson
integration techniques [21, 19, 18, 8], preserving the structure of the governing equa-
tions. This framework has since been generalized to multi-layer configurations [11],
enabling a more complete representation of the evolution of potential vorticity on
the spherical domain across a wide range of scales. We confirmed the feasibility
of these approaches through numerical experiments. In the current work, we uti-
lize this multi-layer QG model to explore the prediction of the critical latitude ϕcl.
Special attention is given to how the solution changes with increased resolution and
layer count in the model.

The ability to reliably simulate large-scale flow structures over extended time pe-
riods is essential for understanding planetary climate systems [1]. Such simulations
inform decisions related to climate adaptation and mitigation of its consequences.
A major difficulty in this area arises from the wide spectrum of spatial and temporal
scales present in geophysical flows. The quasi-two-dimensional character of the flow
supports an inverse energy cascade, where small-scale eddies merge to form larger
coherent structures [5].

A common limitation in traditional numerical models lies in the need to pa-
rameterize submesoscale processes, often due to limited computational resources
or stability considerations. These parameterizations introduce additional complex-
ity and may reduce predictive accuracy [36, 28]. Consequently, there is a grow-
ing interest in structure-preserving numerical methods that maintain the essential
physical properties of the system over long integration times without the need for
such approximations. Recent advances have demonstrated the effectiveness of such
methods for single-layer barotropic models [7, 10], particularly those that exploit
the Lie–Poisson structure of the equations. These discretizations conserve key in-
variants, enabling simulations that remain stable and physically consistent without
external regularization. Their effectiveness has been demonstrated in reproducing
energy spectra typical of two-dimensional turbulence [6], as well as in capturing the
fundamental dynamics of large-scale QG flows [10].

The present paper aims to broaden the scope of these structure-preserving ap-
proaches by applying them to multi-layer QG systems. These models offer a more
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detailed depiction of atmospheric and oceanic dynamics by including vertical strati-
fication in density, pressure, and flow fields [30]. Extending geometric techniques to
such multi-layer configurations marks an important step toward modeling complex
interactions between different atmospheric or oceanic layers [11]. We particularly
study the dependency of the achievable accuracy on the layerwise resolution N and
the number of layers M .

The remainder of this paper is structured as follows. Section 2 introduces the
multilayer QG model and the numerical methods employed. The numerical methods
and the computational settings are outlined in Section 3. Section 4 presents the
dependencies of the evolution of the jets that form on spatial resolution, followed
by an in-depth discussion of the critical latitude predictions. Concluding remarks
are provided in Section 5.

2. Multilayer quasi-geostrophic computational model. It was independently
shown by [26] and [32] that a single-layer QG model for flow on the sphere can be
derived from shallow water models by a solenoidal partitioning of the flow. This
partitioning provides an alternative to the traditional partitioning into geostrophic
and an ageostrophic components, which is ill-defined at the equator. Instead, the
solenoidal partitioning yields a QG model suitable for the entire sphere. This model
also makes it possible to incorporate multiple layers representing vertical variations
in buoyancy. In this way, internal baroclinic modes can be accounted for, basic to
the study of baroclinic instabilities [23, 25].

The multi-layer QG equations on the sphere are based on the Boussinesq prim-
itive equation (PE) to which an approximate quasi-geostrophic balance is imposed
under stable stratification. As discussed in detail in [11, 12], the potential vorticity
q is governed by the stratified QG equations on the sphere

Dq

Dt
= 0 where q = Ro∇2ψ + f +Ro

(
L

Ld

)2

f2
∂

∂r

(
1

N2

∂ψ

∂r

)
(1)

Here, ψ is the streamfunction, f is the Coriolis parameter, Ro is the Rossby
number (the ratio of typical velocity scale over the inertial velocity scale), L is a
typical horizontal length scale, Ld is the Rossby deformation radius, and N is the
Brunt-Väisälä frequency.

The potential vorticity for the stratified QG equations is materially conserved
on planes of constant radius. It is the single prognostic variable in the model.
This formulation is similar to the traditional stratified QG equation on a Cartesian
plane, except for the crucial appearance of the fully latitude-dependent Coriolis
term f , which also plays a role in the stratification. The geostrophic velocity can
be reconstructed from the stream function ψ. The derivation of these QG equations
sheds some light on the conditions under which this model can be applied. Starting
from the Boussinesq PE on the sphere, the geostrophic balance is used to derive the
leading-order dynamics in terms of the Rossby number. This is valid at all latitudes
where a scale separation exists between the Coriolis force and inertial forces. Thus,
it provides a continuous model for both mid-latitude and polar dynamics. At a
narrow band around the equator, scale separation no longer holds as the Coriolis
parameter vanishes. In this region, gravity waves play an important role with their
own dynamics [30].

From the continuous equations in (1), a layered computational model may be
inferred by subdividing the domain into concentric layers. Within each layer, a
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constant density may be set such that the density distribution over the layers ap-
proximates the continuous average stratification of the full 3D formulation. This is
equivalent to employing a standard second-order finite-difference discretization in
the radial direction [31]. When the average density stratification is stable, its level
sets (isopycnals, i.e., surfaces of constant density) form non-overlapping slices of the
fluid column. In the derivations above, we assumed that density fluctuations are
small compared to the average stratification, indicating that the isopycnals form
approximately spherical shells. Thus, we describe the fluid using several layers of
constant thickness and uniform density given by the average stratification, whose
level sets correspond to isopycnals of the continuous model. We divide the domain
in the radial direction into M spherical shells, denoted from top to bottom with
an index j = 1, . . . ,M . Each layer has a thickness Hj = rj+1/2 − rj−1/2 with

rj−1/2 = (rj +rj−1)/2 such that
∑M

j=1Hj = H, with H corresponding to the entire
fluid layer considered. In this paper, we concentrate on the troposphere, which is
the lowest layer in the Earth’s atmosphere. The height of the troposphere varies
across the Earth, from up to 18 km near the Equator to about 11 km at middle
latitude and 6 km in the polar regions. We focus on a troposphere with a fluid layer
of about 10 km as advised in [33]. Within this troposphere, most of the jet flow
that forms in the Earth’s boundary layer is taking place. We describe the dynamics
in each layer by its potential vorticity qj and stream function ψj .

A second-order centred finite difference scheme to discretize the radial derivatives
in (1), similar to the approach taken in [31] for the β-plane equations, yields

∂
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whereHj+ 1
2
= rj+1−rj and the Brunt-Väisälä frequencies N(r) are given by central

differencing of

N2(r) = − g

ρ0

∂ρ

∂r
, (3)

which represents the oscillation frequency of a displaced fluid parcel in a density
gradient. Discretely, this is approximated as

N2
j+ 1

2
= − g

Hj+ 1
2

ρj+1 − ρj
ρ0

= −
g′
j+ 1

2

Hj+ 1
2

(4)

where the reduced gravity

g′j+ 1
2
= g

ρj+1 − ρj
ρ0

(5)

has been introduced as a measure of the effective gravitational acceleration between
layers.

If we apply the central discretization in the radial direction to the stratified QG
equations (1), we find the multi-layer QG equations on the sphere

q̇j + {ψj , qj} = 0, j = 1, . . . ,M, (6)

where qj is the layer-wise potential vorticity, given in vector form as

q = ∇2ψ + f +Aψ, (7)

where q = [q1, q2, . . . , qM ]T is a vector containing the layerwise PV, and similarly
ψ = [ψ1, ψ2, . . . , ψM ]T and f = [1, 1, . . . , 1]T f . The interaction between layers
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is given by the matrix A ∈ RM×M . In terms of the reduced gravity and layer
thicknesses, the matrix A may be expressed as

A = Ro
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as follows directly from (1) using (2) and (4). For a general interaction matrix
A, an implicit time-step involves solving a system of coupled elliptic equations. If
the matrix A is diagonalizable an ideal preconditioner for the coupled system can
be devised, which has clear computational benefits, we discuss this in more detail
in the next section. The material derivative D/Dt has been rewritten using the
canonical Poisson bracket on the sphere, which, in terms of the latitude ϕ and the
longitude θ, is given by

{a, b} =
1

R2 cosϕ

(
∂a

∂θ

∂b

∂ϕ
− ∂a

∂ϕ

∂b

∂θ

)
= (r̂×∇a) · ∇b. (9)

where R is the radius of the sphere. From this formulation of horizontal PV trans-
port in terms of the canonical Poisson bracket on the sphere, we note the layerwise
similarity to the single-layer QG equation as described on the sphere by [32] and
[26]. In particular, the only difference appears in the relation between the stream
function and potential vorticity (7).

Recently, the Poisson structure of the single-layer QG equation on the sphere
has been discussed in [19]. From their analysis, we find that (6) constitutes a Lie–
Poisson system on the space of smooth functionals on the sphere C∞(S2) for each
layer separately, where the Lie–Poisson bracket is given in terms of the canonical
Poisson bracket by

{A,B}LP (q) =

∫
S2

q

{
δA
δq

(q),
δB
δq

(q)

}
dx, (10)

with A,B : C∞(S2) → R smooth functionals and dx an infinitesimal area ele-
ment, which in latitude-longitude coordinates is given by dx = R cosϕ dϕ dθ. The
variation δ is taken in the Gateaux sense, which uniquely defines the variational
derivatives δA/δq and δB/δq. The advection of layer-wise PV (6) may thus be
more generally written as

d

dt
F(qj) = {F(qj),H(qj)}LP , (11)

with F ∈ C∞(S2) any smooth functional and the Hamiltonian functional given by

H(q) = −1

2

M∑
j=1

∫
S2

ψj(qj − f) dx (12)

Thus, similar to the single-layer QG equations, this system allows for infinitely
many conserved quantities in the form of Casimir functionals C : C∞(S2) → R for
which it holds that

{F(qj), C(qj)}LP = 0, ∀F : C∞(S2) → R, (13)
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Here, this results in C(qj) =
∫
S2 ζ(qj)dx for any smooth analytic function ζ ∈

C∞(R), which indicates that for each layer, any integrated function of potential
vorticity is a constant of motion. This may be verified by direct computation.
Typically, only integrated monomials of PV are considered since they form a basis
for functions on the sphere. In particular, the integrated square of PV is called the
total enstrophy and plays an important role in the characterization of turbulence in
geophysical fluid dynamics [24, 13]. As previously noted in [10], this conservative
property is independent of the specific relation between the stream function and
potential vorticity. This explains the similarity in the constants of motion between
this model and other incompressible 2D flows, such as the 2D Euler equations and
the rotating shallow water equations. For a detailed overview of the relation between
these models, we refer to [17].

In the next section, we present the spatial discretization that was used, closely
following [38].

3. Numerical method for resolving turbulent jet flow on the sphere. In
the previous section, the multi-layer QG equations on the sphere were specified,
resulting in a dynamical system governing the potential vorticity q, in terms of
the stream function ψ. In this section, we detail the numerical method for solving
this system. This approach comes in two steps. First, we project functions on the
sphere onto a particular discrete basis such that the resulting system of ODEs is
Lie–Poisson. Then, a suitable time integrator is selected to conserve the Casimirs
of the discrete system as well as the associated Hamiltonian energy.

Spatial discretization and streamfunction. The construction of a projection
of the infinite-dimensional Lie–Poisson system (11) onto a finite-dimensional Lie–
Poisson system on the sphere was first employed in [38]. This was motivated by
a projection method on a flat geometry in [37] for the 2D Euler equations. The
projection method corresponds to a finite-dimensional approximation of the Lie–
Poisson bracket, which can be written as a matrix algebra of dimension (N ×N).
Here, as before, N denotes the number of computational degrees of freedom per
layer. As N → ∞, the convergence of the method involves a sequence of Lie al-
gebras that approaches the infinite-dimensional Poisson algebra C∞(S2) such that
the structure constants of the matrix bases converge to those of the spherical har-
monics basis Yl,m of C∞(S2). As was shown for a general case in [2], and later for
the spherical geometry by [38] based on the work of [15], such a sequence exists,
given by the basis Tl,m for the matrix Lie algebra u(N), i.e., the algebra of skew-
Hermitian matrices. Given a function a ∈ C∞(S2) written in terms of the basis as

a =
∑∞

l=0

∑l
m=−l al,mYl,m, the implied projection ΠN : C∞(S2) → u(N) is then

given by

ΠNa :=

N−1∑
l=0

l∑
m=−l

ial,mT̂l,m, (14)

where the modified basis T̂l,m follows directly from the complex part of Tl,m as

detailed in [7]. The T̂l,m are eigenfunctions of the discrete Laplace operator on the
sphere ∆N as provided by [16].

The similarity between the structure constants of the discrete basis Tlm and
those of Ylm in the continuous case also results in a close relation between the
Poisson bracket (9) and the Lie bracket on u(N), which is the matrix commutator.
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Specifically, we have

ΠN{f, g} = [ΠNf,ΠNg]N +O(N−2), (15)

where [A,B]N = N3/2/
√
16π (AB −BA) is the rescaled matrix commutator [2, 3].

As established in [20] (Table 1), we have that

lim
N→∞

4π

N
Tr(f(−iW )) =

∫
S2

f(ω)µ(dx). (16)

for a general differentiable function f , evaluated in terms of a matrix W . In our
applications, W is typically the vorticity matrix. The integral over the sphere S2

contains the Lebesgue measure µ(dx), At given N , the expressions on the left- and
right-hand sides do not coincide for general f , but for monomials up to order N−1,
the difference between the corresponding Casimir of the original system and the
Casimir of the discrete system is constant in time [15]. Correspondingly, at given
N , the discrete LP system has the maximum number of analogous Casimirs.

Using the explicit projection in (14), we may introduce the layer-wise potential
vorticity matrices Qj and associated stream matrices Pj through

Qj =

N−1∑
l=0

l∑
m=−l

i(qj)lmT̂
(N)
lm , and Pj =

N−1∑
l=0

l∑
m=−l

i(ψj)lmT̂
(N)
lm , j = 1, . . . ,M.

(17)
where i is the imaginary unit i2 = −1. Similarly, we introduce the Coriolis ma-
trix F := ΠNf and its square S := ΠNf

2, which enables to derive the spatial
discretization of (6) as

Q̇j = −[Pj , Qj ] j = 1, . . . ,M (18)

The potential vorticity is given in terms of the stream matrices as

Qj = ∆NPj + F + S̃ ◦

(
M∑
k=1

AjkPk

)
j = 1, . . . ,M (19)

where the projection of the product f2ψ is given by the operation S̃ ◦ P with ◦
denoting element-wise multiplication, as was derived in [10]. The matrix S̃ is given
by

S̃ij = − i

2

√
N

4π
(Sii + Sjj). (20)

System (18) constitutes M isospectral equations. They are Lie–Poisson with
respect to the Lie algebra u(N) with the Lie bracket [·, ·], for which the Casimirs
Cj,k by isospectrality are given as

Cj,k = trace
(
(Qj)

k
)
, k = 0, 1, . . . , N − 1, j = 1, . . . ,M, (21)

which indicates that integrated monomial functions of potential vorticity are con-
served in each layer, similar to the dynamics of a single-layer QG model.

Solving the system of equations (18) requires a suitable time integration method,
as well as a method for calculating the stream matrices Pj from the implicit rela-
tion given in (19). This is discussed next, closely following [11, 12]. Since the
main dynamical variable in the evolution of multi-layer quasi-geostrophic flow is
the potential vorticity, the resulting velocity field, which in turn is calculated from
the stream function, must be determined using the implicit relation (19). Under
the influence of density stratification, the fully coupled system (19) needs to be
considered. For a general interaction matrix, this involves solving a system of M
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coupled elliptic equations of size N ×N . However, in many cases, the matrix A is
diagonalizable, leading to an ideal preconditioner for the coupled system. In fact,
if the matrix A is diagonalizable, there exists an invertible square matrix V and a
diagonal matrix D such that

A = V DV −1. (22)

Substitution of this decomposition into (19) then gives

Q̂k = ∆N P̂k + F + S̃ ◦
(
DkkP̂k

)
, k = 1, . . . ,M, (23)

where Q̂k =
∑M

j=1 V
−1
kj Qj and P̂k =

∑M
j=1 V

−1
kj Pj are the potential vorticity ma-

trices and stream matrices respectively corresponding to the modes of system [29].

Crucially, the potential vorticity matrix Q̂j associated with a particular mode j
is independent of the other modes. Thus, system (23) constitutes M independent

implicit equations for the stream matrices P̂j , which can be made explicit as the
solution to

P̂k =
(
∆N +DkkS̃◦

)−1

(Q̂k − F ), k = 1, . . . ,M, (24)

An efficient method using O(N2) operations is obtained by adopting diagonal
splitting as developed in [10]. The layer-wise PV and stream function matrices can
then be reconstructed using the relations

Qj =

M∑
k=1

VjkQ̂k, Pk =

M∑
k=1

VjkP̂k (25)

If the interaction matrix A is not diagonalizable, the stream matrices can still
be calculated from (19) using diagonal splitting. If we denote the mth diagonal
of a matrix by the superscript ·(m) as a row vector, we may introduce the column
vectors P (m), Q(m) ∈ C(N−|m|)L as

P(m) =
[
P

(m)
1 P

(m)
2 · · · P

(m)
L

]T
(26)

and

Q(m) =
[
Q

(m)
1 Q

(m)
2 · · · Q

(m)
L

]T
, (27)

which enables to decompose the entire system (19) into its diagonals as

(L(m) + S(m))P (m) = Q(m) − F (m), m = −(N − 1), . . . , N − 1 (28)

using the matrix operators Lm, Sm ∈ C[(N−|m|)M ]×[(N−|m|)M ] given as

L(m) = IM ⊙∆
(m)
N (29)

and
S(m) = A⊙ S̃(m) (30)

where ⊙ denotes the Kronecker product and IM is the identity matrix of dimension
M . The matrix (L(m) + S(m)) is extremely sparse with only 5 nonzero diagonals
following from the definition of the Laplacian and equation (??). These can be
solved efficiently using appropriate pre-conditioners [4] or using iterative methods.
Here, we note that in the case of a diagonalizable matrix A, the preconditioner
can be found from the decomposition (22), which leads directly to system (24).
Note that one needs only to solve for the diagonals m ≥ 0, since the matrices Pj

are skew-Hermitian. The linear scaling of the computational complexity with the
number of layers facilitates simulations at high horizontal resolutions, similar to
previous work on barotropic QG flow as reported by [10]. These computational
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characteristics were measured on a MATLAB implementation of the computational
model, as discussed momentarily.

Time integration method. The evolution of the dynamical system is carried out
by solving equation (18) in time. Analogous to the conservation of integrated func-
tions of potential vorticity in the continuous system, this system of ODEs preserves
the trace of polynomial functions of Qj up to polynomial order (N −1) as indicated
in equation (21) for each layer. This property is equivalent to the spectrum of the
layerwise potential vorticity matrix being conserved [35], indicating that the evo-
lution in (18) is iso-spectral. This property is similar to the isospectral evolution
of the potential vorticity matrix in a single-layer QG model as in [10], where it
was also remarked that the isospectral property holds independent of the choice of
the advecting stream matrix. Therefore, we can select the same time-integration
method as used for the single-layer model to conserve the matrix spectrum on a
discrete level.

We employ the time integrator as formulated in [21], based on second-order
symplectic midpoint integration. This integrator falls within the class of IsoSyRK
methods, which are both symplectic and isospectral [22]. Given the solution Qn

j at
time tn, the solution of (18) at time tn+1 = tn + h can then be written as follows:Q̃j = Qn

j + h
2

[
Pj , Q̃

n
j

]
+ h2

4 PjQ̃jPj

Qn+1
j = Q̃j +

h
2

[
P̃j , Q̃j

]
− h2

4 P̃jQ̃jP̃j ,
(31)

where P̃j is the stream matrix corresponding to the potential vorticity matrix Q̃j

as given by equation (19). The integration thus consists of two steps. The first

equation gives an implicit relation for the intermediate step Q̃j , which is solved

using fixed point iteration. This creates a sequence
{
Q̃k

j

}
with Q̃0

j = Qn
j . The

time step h is chosen sufficiently small such that the sequence converges to Q̃j as
k → ∞. This contraction can be performed in parallel for each layer, with each
process terminating when the sequence has converged to within a set tolerance. For
the chosen time step sizes h, the L∞ norm of Q̃k+1

j − Q̃k
j typically reaches O(10−10)

after only 4 or 5 iterations. After sufficient convergence, the stream matrices P̃j are
calculated, and a full time step is completed by evaluating the right-hand side in
the second equation in (31).

4. Jet flow induced on rotating sphere. In this section, we demonstrate the
capabilities of the developed numerical method by simulating a geophysical flow
model in an Earth-like configuration. We specify the details and relevant param-
eters in Subsection 4.1 and present the structured jet flow forming in a model of
the troposphere (approximately the first 10 km above the Earth’s surface), up to
the stratosphere (approximately the next 40 km). The simulations start from an
initially random condition as described in Subsection 4.2. We consider a reference
four-layer QG simulation and show the convergence characteristics upon grid refine-
ment. Convergence characteristics upon increasing the number of layers covering
the stratosphere are discussed in Section 4.3.

4.1. Simulation set-up. To investigate the multi-layer jet flow that forms in the
troposphere on a rotating Earth-like planet, we incorporate the average stratification
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of the mass density to represent the reduced gravity in the various layers. A model
often used for the average density stratification proposes that

ρ(h) = ρ0e
−h/H (32)

where the reference mass density is taken at atmospheric conditions on the Earth’s
surface ρ0 = 1.225 kg/m3, h denotes the altitude and H is a reference scale for
the troposphere, here taken as H = 10 km. Physically, temperature drops with
altitude, which affects density, as documented in [9]. The exponential model for the
mass density implies a reduced gravity distribution given by

g′i = g0

(
exp(−(1− i

M
))− exp(−(1− i− 1

M
))
)
; i = 1, ...,M (33)

for the ith layer in an M layer model. Here, g0 = 9.80665 m/s2 at sea level. The
radius of the Earth is taken as R = 6.378 106 m.

The simulations adopt Zeitlin truncation, which, through its structure-preserving
nature, conserves Casimirs of the system as well as energy and enstrophy. To verify
the structure-preserving properties of the numerical methods, we perform a simu-
lation of geostrophic flow in the absence of forcing, dissipation and friction. This
enables full-scale computations of M -layer models, without the need to introduce
regularizing eddy-dissipation or explicit forcing [11]. Instead, the simulations start
from a randomly generated, structureless initial flow and concentrate on the sponta-
neous formation of structured solutions displaying a pattern of jets across the sphere
and over all layers. The spatial resolution per layer may be specified separately; in
our simulations we consider N = 48, 64, 96, 128, 192, 256, and adopt a tolerance of
10−10 for the fixed point iteration. Typically, full convergence is observed after 4
to 5 cycles. As a point of departure, we look into a reference problem with 4 layers,
each of 2500 m height.

4.2. Jet structuring in four-layer reference model. In Figure 1, the velocity
field in the four layers is shown after 1000 simulated days, at a spatial resolution
of N = 256 degrees of freedom per layer. The solution shows relatively large dif-
ferences, of about a factor 3, in typical amplitudes across the layers. This poses
a challenge to the visualization. When using a single color bar for all four layers
simultaneously, rather poor contrast emerges in some of the figures. This makes the
structuring of the flow much less visible. Instead, by concentrating on qualitative
features, and correspondingly selecting appropriate color ranges per figure, we can
clearly express the main structure in the solution for the different layers. To appre-
ciate the qualitative structuring in the flow, we therefore adhere to multiple color
bars, which appears adequate for the interpretation of the flow. In fact, the figures
display a remarkable structure emerging from the initially random state, display-
ing smooth features of similar scales across the layers. The flow structures appear
somewhat elongated in the circumferential direction. This characteristic appears
over all layers and is slightly more pronounced near the equator. Layers that are
higher up in the atmosphere show a decreased velocity field by a factor of about 3 in
this model configuration. The statistically steady state forms after a short transient
of about 250 days, as may be inferred from Figure 2(a), where the evolution of the
total kinetic energy per layer is depicted. From the evolving kinetic energy, we also
notice a strong reduction in the intensity of the flow when considering layers further
away from the Earth’s surface; the average kinetic energy in the statistically steady
state decreases by a factor of about 3 relative to the kinetic energy in the most



46 ARNOUT FRANKEN, SAGY EPHRATI, ERWIN LUESINK AND BERNARD GEURTS

(a) (b)

(c) (d)

Figure 1. Instantaneous velocity fields at N = 256 for the refer-
ence four-layer QG-model of the troposphere from the bottom to
the top layer (a-d) after 1000 simulated days. Note that the ampli-
tude of the flow structures decreases with increasing height of the
layer; this is expressed by selecting different color-bars.

energetic first layer. The numerical method was found to conserve Casimirs within
O(10−8) relative variations, as was also established in [11].

The computing time associated with the Zeitlin method as described in [11] is
observed in Figure 2(b). The implementation was realized in MATLAB, and the
simulations were executed on a laptop running on an Apple M2 Max processor.
The computing time is seen to scale approximately quadratically with N , for full
simulations including initialization, time-stepping, and on-the-fly post-processing.
This scaling behavior is already well-established at modest resolutions of N = 48,
and appears to be maintained also for the higher resolutions considered here. In [7],
a turbulent, forced geophysical flow on an ‘aquaplanet’ was considered at elevated
resolutions of N = 1024, ..., 4096. This study indicated T ∼ N3, as motivated
primarily by the complexity of matrix multiplications. The cubical scaling is com-
plemented here with a more favorable scaling of T ∼ N2 which appears to hold at
the much more modest resolutions needed to capture the smooth structures in our
‘atmospheric’ planet model. The scaling of the main calculation steps is mixed with
the scaling of various other steps, e.g., post-processing and time stepping, in a full
simulation, which turns out closer to T ∼ N2. More attention will be given in the
future to investigate the effective scaling with N of our computational model.

The kinetic energy spectrum at N = 48 is compared to that obtained at N = 256
in Figure 3. We observe a close correspondence between the two spectra in the
statistically steady state. The smaller scales at N = 256 are of course absent at
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(a) (b)

Ekin T

t (days) N

Figure 2. (a): Developing kinetic energy Ekin across the four lay-
ers of the reference model from bottom to top represented by layer
1 to layer 4, at a resolution per layer of N = 256 modes. The initial
random state rapidly forms a statistically steady time-dependent
solution in about 250 days; (b) Scaling of computational time T
(in seconds, using a modern laptop) with the number of degrees
of freedom N per horizontal layer. The measured simulation times
are compared with linear (dash-dot) and quadratic (dash) scaling
with N , illustrating T ∼ N2.

(a) (b)

Ek Ek

k k

Figure 3. Kinetic energy spectrum in the fully developed state
after 1000 days, comparing results at N = 48 (a) with N = 256
(b). The bottom layer (solid) and the top layer (dash-dot) roughly
provide an envelope for the spectrum of the two inner layers (dash).

the coarser resolution and contribute to specific features in the flow. Otherwise,
the general appearance of, e.g., the velocity field is remarkably similar at both
resolutions, indicating that the Zeitlin truncation method, which is essentially a
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structure-preserving spectral-like discretisation method, shows high fidelity also at
modest resolutions for our ’atmospheric’ Earth model.

4.3. Convergence of critical latitude predictions. The critical latitude ϕcl is
the latitude at which the ratio between the Rossby deformation scale LD and the
Rhines scale LR equals 1, i.e.,

LD

LR
= 1 → ϕcl (34)

The ratio is also called the nonlinearity parameter for QG flow, as it measures
the relative strength of the nonlinear advection term compared to hydrostatic and
Coriolis effects.

In this subsection, we first consider effects of spatial resolution on the accuracy
with which the critical latitude can be determined. Subsequently, we investigate
the convergence of the critical latitude upon increasing the number of layers in the
troposphere model.

ϕcl

N

Figure 4. Median of the critical latitude ϕcl of the reference four-
layer system computed by averaging over 96 velocity fields, at dif-
ferent spatial resolutions 48-64-96-128-192-256. Averaged over all
resolutions (dashed line), a value of ≈ 44.9 degrees is found. The
uncertainty in ϕcl is expressed in terms of the interquartile range
(IQR) shown as error bar. Overall, the accuracy with which the
different randomly initiated simulations can be averaged over cor-
responds to an IQR of about 3 % for the three highest resolutions.

Convergence: Spatial resolution. In Figure 4, the estimated critical latitude in the
reference four-layer model is shown as a function of the spatial resolution N , av-
eraged over 96 solutions and 5 independently initiated simulations. The critical
latitude is determined by its median, which is found at about 44.9 degrees with an
uncertainty expressed by the interquartile range (IQR) of about 3 % for the three
highest resolutions. The uncertainty is not only related to differences in the spa-
tial resolution, but also to the width of the time-averaging window that was used
in the calculation, and the differences in the random initial condition. The latter
implies small differences in the initial total kinetic energy, which, because of the
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structure-preserving nature of the numerical method, persist throughout the entire
simulation. Hence, although the critical latitude can be determined robustly across
different resolutions, it cannot be found with very high accuracy, due to the varia-
tions in the obtained solutions. To further quantify the convergence with increasing
spatial resolution N , a classical deterministic analysis based on a single function
describing the initial condition can be incorporated.

Convergence: Number of layers. Finally, we consider the effect of varying the num-
ber of layers spanning the troposphere. Until now, we have focused on a four-layer
model to investigate the performance of the numerical methods. Now, we want
to vary this number and infer whether higher resolution in the radial direction is
beneficial for predicting the flow and the corresponding critical latitude.

A clear qualitative impression of the effect of properly resolving the dynamics
across the layers may be inferred from Figure 5. At N = 96, an increase in the
number of layers M from 1, 2, 4, ..., 32 is seen to yield an ever more refined flow
structure nearer the equator. The jet-like structures in the flow are more pronounced
and slender with increasing M , while nearer the poles, a smoother velocity field
develops at larger M .

The striking qualitative effect of increasing the number of layers M in the model
also expresses itself in other flow features, such as the critical latitude. In Figure 6,
we observe a significant, almost linear decrease in the critical latitude with increasing
number of layers in the troposphere. Further increasing M is expected to yield
further reduction in ϕcl, corresponding to the already mentioned increased dynamic
activity near the equator. To make definite statements on the limit solution at large
M , more simulations are needed. Future research should be dedicated to this to
infer the quality of QG predictions that include explicit layer coupling in the radial
direction. Moreover, the effects of more refined layer coupling in the troposphere
may be investigated to assess the physical relevance of the simulated solutions.

5. Conclusion and outlook. In this paper, we presented a global formulation
for the multilayer quasi-geostrophic (QG) equations and applied a corresponding
Casimir-preserving numerical method to simulate the dynamics. By extending the
baroclinic QG models from traditional local f -plane or β-plane approximations to
a global spherical framework, we provide a comprehensive tool for studying large-
scale atmospheric and oceanic dynamics. The numerical method is based on similar
global methods for the barotropic QG equations developed in [10], which in turn
extends a study on the two-dimensional Euler equations in [7]. The discretization
yields a finite-dimensional system which preserves all monomial Casimirs of the
discrete system. Using an isospectral symplectic time integrator, we could preserve
the monomial Casimirs during the simulation.

We have employed the developed method to simulate geostrophic flow in the
multilayer context. We have shown that zonal jets form in a reference four-layer
model, and that the solution is represented accurately already at modest resolutions
N per layer, starting in the range of 96. A precise capturing of all dynamics showed
the system to evolve quickly, i.e., within about 250 days, into a statistically steady
state, starting from a random initial condition. The smooth part of the kinetic
energy spectrum was well represented even at N = 48, while smaller details in the
jet flow required N = 192 − 256 to be properly resolved on an Earth-like planet.
The critical latitude was found to be approximately in the range of 44.5 ± 2 degrees,
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(a) (b)

(c) (d)

(e) (f)

Figure 5. Velocity field in the first layer for models resolving the
troposphere in M layers where M = 2k for k = 0, 1, 2, ..., 5 at
N = 96. The results at different k are shown in figures a, b, c, ...,
f, respectively.

with an uncertainty stemming from spatial resolution limitations, but also from the
use of random initial conditions.

The effects of changing the number of layers in the model for the troposphere
were found to be quite pronounced, expressed in striking structuring of the flow
nearer the equator and a much reduced critical latitude upon increasing M . This
calls for a closer consideration of the layer coupling within the troposphere, both
numerically and in their physical modeling. The development of such a novel nu-
merical framework will pave the way for application in large-scale simulations of
global atmospheric and ocean dynamics. This is a topic of ongoing research.

Acknowledgments. The authors are very much indebted to Darry Holm of Impe-
rial College London. The numerous discussions we had together helped shape the



CONVERGENCE OF ZEITLIN TRUNCATION... 51

ϕcl

M

Figure 6. Critical latitude ϕcl as a function of the number M of
layers for M = 1, 2, 4, ..., 32, predicted at a layerwise resolution of
96.
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