Journal of Computational Physics 538 (2025) 114155

: - . . 2L Journal of
Contents lists available at ScienceDirect Computational

Journal of Computational Physics

journal homepage: www.elsevier.com/locate/jcp

Casimir preserving numerical method for global multi-layer
quasi-geostrophic turbulence

Arnout D. Franken ¥ %, Erwin Luesink®", Sagy R. Ephrati®, Bernard J. Geurts*¢

a Multiscale Modelling and Simulation, Department of Applied Mathematics, Faculty EEMCS, University of Twente, PO Box 217, 7500 AE,
Enschede, the Netherlands

b Now at Korteweg-de Vries Institute of Mathematics, University of Amsterdam, the Netherlands

¢ Department of Mathematical Sciences, Chalmers University of Technology, 412 96, Gothenburg, Sweden

d Muitiscale Physics, Center for Computational Energy Research, Department of Applied Physics, Eindhoven University of Technology, Eindhoven,
the Netherlands

ARTICLE INFO ABSTRACT
Keywords: Accurate long-term predictions of large-scale flow features on planets are crucial for understand-
Geostrophic turbulence ing global atmospheric and oceanic systems, necessitating the development of numerical methods
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Sphere

that can preserve essential physical structures over extended simulation periods without excessive
computational costs. Recent advancements in the study of global single-layer barotropic models
have led to novel numerical methods based on Lie-Poisson discretization that preserve energy,
enstrophy and higher-order moments of potential vorticity. This paper extends this approach
to more complex stratified quasi-geostrophic (QG) systems on the sphere. These multi-layered
models provide a more comprehensive representation of atmospheric and oceanic dynamics by
accounting for vertical variations in density, pressure, and velocity fields.

In this work, we present a formulation of the multi-layer QG equations on the full globe. This al-
lows for extending the Lie-Poisson discretization to multi-layer QG models, ensuring consistency
with the underlying structure and enabling long-term simulations without additional regulariza-
tion. The numerical method is benchmarked through simulations of forced geostrophic turbu-
lence and the long-term behaviour of unforced multi-layered systems. These results demonstrate
the structure-preserving properties and robustness of the proposed numerical method, paving
the way for a better understanding of the role of high-order conserved quantities in large-scale
geophysical flow dynamics.

1. Introduction

Long-time accurate predictions of large-scale flow features on planets are essential for understanding global climate systems [1].
These predictions underpin a range of applications, from weather forecasting to the study of climate change, and play a significant
role in informing policy and strategic decisions aimed at addressing climate impacts.

A particular challenge in this field is the wide range of temporal and spatial scales involved in the full dynamic system. On the
large planetary scales, an inverse energy cascade is present due to the two-dimensional nature of the flow at these scales, in which
small eddies coalesce into increasingly larger eddies, thereby significantly contributing to the large-scale motion [2].
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\begin {equation}\left |f\hat {\mathbf {r}}\times \mathbf {v}_h\right | \sim \left |\frac {1}{\rho _0} \nabla _h p'\right |. \label {Xeqn1}\end {equation}
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\begin {equation}\label {eq:bruntvaisala} N(r) =\sqrt { -\frac {g}{\rho _0}\frac {\partial \rho '}{\partial r}},\end {equation}


\begin {equation}\frac {\partial \rho '}{\partial t} + \mathbf {v} \cdot \nabla \rho ' - \frac {\rho _0}{g}wN^2 = 0. \label {Xeqn3}\end {equation}
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$\thicksim $
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\begin {equation}\label {eq:geostrophicbalance} f \hat {\mathbf {r}}\times \mathbf {v}_h + \nabla _h p' = 0.\end {equation}
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\begin {equation}\label {eq:geostrophicdivergence} f \nabla _h\cdot \mathbf {v}_h + \mathbf {v}_h \cdot \nabla _h f = 0.\end {equation}
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\begin {equation}\label {eq:velocitydecomposition} \mathbf {v}_h = \hat {\mathbf {r}}\times \nabla \psi + \epsilon \mathbf {v}_{h}',\end {equation}
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\begin {equation}\label {eq:verticalvelocityscaling} \frac {\partial w}{\partial r} + \epsilon \nabla _h \cdot \mathbf {v}_h' = 0.\end {equation}
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\begin {equation}\mbox {Ro}\frac {\mbox {D}}{\mbox {D}t}\rho ' + {\left (\frac {L_d}{L}\right )}^2 wN^2 = 0. \label {Xeqn12}\end {equation}
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\begin {equation}\label {eq:PVtransportPoisson} \Dot {q}_j + \{ \psi _j, q_j\} = 0, \quad j=1,\ldots , M\end {equation}
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$[A,B]_N= N^{3/2}/\sqrt {16\pi }\,(AB-BA)$


$Q_j$


$P_j$
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\begin {equation}\label {eq:PVevolutionwithdrag} \dot {q}_j + \left \{ \psi _j, q_j \right \} = \delta _{1,j} F_w - \delta _{j,N} \mu \Delta \psi _j + \nu \Delta ^2 \psi _j,\end {equation}
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The limitations of existing models primarily stem from the need to parameterize submesoscale processes due to computational
constraints. Traditional approaches often involve additional modelling efforts to approximate the effects of these unresolved scales,
leading to increased complexity and potential inaccuracies [3,4]. This underscores the importance of developing numerical methods
capable of preserving essential physical structures over long simulation times without necessarily relying on such approximations.

The limitations of existing models often stem from numerical methods not reflecting the underlying basic dynamics, and the
need to parameterize submesoscale processes due to computational constraints. Traditional approaches involve modelling efforts to
approximate the effects of unresolved scales, leading to increased complexity and potential inaccuracies resulting from shortcomings
in these submesoscale parameterizations. In some cases the submesoscale parameterization is adopted to contribute additional stability
to the dynamical core of the model, but for the wrong reason, i.e., cloacking inherent instabilities in the numerical approach. In this
paper, we create a structure-preserving, non-dissipative numerical method that is capable of preserving essential physical structures
over long simulation times without the need to rely on approximations involving submesoscale parameterization. Conversely, with
such computational model at hand, a sound basis is achieved to subsequently incorporate submesoscale parameterization to address
physical challenges and not shortcomings in the numerical approach.

Structure-preserving (or geometric) numerical methods have been the subject of active research in recent years. These methods are
designed to preserve numerically certain physical properties that arise naturally in conservative mechanics. Specifically, geometric
methods boast excellent stability properties and produce statistically accurate results by restricting the solution space to be compatible
with such physical constraints [5]. Traditional computational methods are generally unsuited for this purpose due to numerical
truncation which causes errors to accumulate unphysically in long-time statistics.

Specifically, significant progress has recently been made through the development of structure-preserving numerical methods
for single-layer barotropic models [6,7]. These methods exploit the Lie-Poisson structure of the governing equations, allowing for
discretizations that inherently maintain the essential structure of the equations such as conservation laws. As a result, these methods
enable long-term simulations without the need for additional regularization, providing a self-contained framework for modelling. The
efficacy of these structure-preserving methods has been demonstrated in accurately capturing the energy spectra of two-dimensional
turbulence [8], as well as capturing the essential large-scale dynamics of quasi-geostrophic flows [7].

Building on this foundation, the aim of this paper is to extend the applicability of structure-preserving numerical methods to
more complex, multi-layer quasi-geostrophic models. Multi-layered models are crucial for a more comprehensive representation of
atmospheric and oceanic dynamics, as they account for vertical variations in density, pressure, and velocity fields [9]. Extending
these methods to multi-layer systems is a significant step towards capturing the intricate interactions between different layers of the
atmosphere and ocean, as it extends the applicability of the models towards smaller scales.

In this paper, we present a detailed methodology for extending the structure-preserving Lie-Poisson discretization to multi-layer
quasi-geostrophic models. The novelty of the current work is the combination of state-of-the-art numerical techniques that allow for
efficient geometric integration of complex multi-layer quasi-geostrophic dynamics. Namely, our approach leverages the same princi-
ples as in the single-layer models by ensuring that the discretization remains consistent with the underlying physical structures. We
demonstrate that these methods can accurately simulate the long-term behavior of multi-layer systems without requiring additional
regularization. In doing so, we provide a benchmark for large-scale dynamics subject to external forcing and dissipation. Additionally,
a unique property of the numerical method is the conservation of high-order moments of the potential vorticity (PV). Therefore, the
numerical results demonstrate qualitatively how conserving these quantities impacts PV dynamics.

The structure of this paper is as follows. In Section 2, we derive the multi-layer QG equations on the sphere from the equations
of motion without relying on tangent plane approximations. In this section, we highlight the influence of spherical geometry on the
governing equations and introduce the Lie-Poisson formulation of the equation. Using this formulation, we derive a numerical model
for these equations in Section 3 based on Zeitlin’s method of quantisation. In Section 4, we show numerical results from two test
cases, showing the structure-preserving properties of the numerical method. Conclusions and an outlook are given in Section 5.

2. Derivation of the global multi-layer QG equations

The multi-layer QG equation describes the evolution of potential vorticity (PV). Starting from the Primitive Equations (PE), the
QG equations are typically derived on a local rectangular tangent plane to the sphere by taking a variational expansion around the
geostrophic balance [9,10]. On this tangent plane, the Coriolis parameter is approximated as a constant or as a linear function of the
latitudinal coordinate. This leads to the so-called f-plane and f-plane approximations respectively. The use of such a local domain
implies the introduction of nonphysical boundary conditions. In this work, we will consider a global QG model, defined directly on
the entire sphere. This enables the inclusion of the full Coriolis parameter, as well as the spherical geometry of the domain.

Previously, it was shown independently by Schubert et al. [11] and Verkley [12] that a global single-layer QG model can be derived
from shallow water models by a solenoidal partitioning of the flow that distinguishes between a divergent and a non-divergent part.
This provides an alternative to the traditional partitioning into a geostrophic and an ageostrophic component, which is ill-defined
at the equator due to the vanishing Coriolis force. We follow the solenoidal partitioning of the flow and in this section derive the
associated multi-layer QG model on the sphere. This multi-layer QG model on the sphere derived via the divergent/non-divergent
splitting of the flow is new. This multi-layer model makes it possible to incorporate many essential phenomena that are not included
in the single-layer QG model. Crucially, the single-layer QG model treats the fluid as a single homogeneous layer on top of a stationary
surface. By including vertical variations in buoyancy, the multi-layer model includes internal baroclinic modes, which allows for the
study of baroclinic instabilities [13,14].
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The derivation of the multi-layer QG equations starts from the Boussinesq primitive equation (PE) (Section 2.1), to which an
approximate quasi-geostrophic balance is imposed in case of stable stratification (Section 2.2), from which a multi-layer model can
be derived (Section 2.4).

2.1. Boussinesq primitive equations on the sphere

The stratified QG equations can be derived from the Boussinesq PE, which describes the motion of a stratified hydrostatic fluid
layer. A comprehensive derivation from Newton’s equation of motion is provided in Pedlosky [10] and Vallis [9] on a tangent plane of
the sphere. In this section, we use this approach to similarly derive the Boussinesq PE on a spherical domain from which the stratified
QG equations can then be derived.

We consider a shallow layer of incompressible fluid on a sphere of radius R rotating with angular velocity Q obeying Newton’s
equation of motion. The assumption of a perfect sphere upon which a fluid layer is deposited that is very shallow compared to the
radius of the sphere, yields by good approximation a uniform and constant gravitational acceleration —g in the radial direction [15].
On a tangent plane the centrifugal force due to rotation counterbalances the gravitational acceleration, and only the Coriolis force
appears in the equations of motion. The equations describing a Boussinesq fluid are subjected to two further basic assumptions that
are adopted with respect to large-scale planetary flow:

1. in planetary flows, vertical velocity is small compared to horizontal velocities
2. inertial accelerations are very small compared to gravitational acceleration

As a result of these assumptions, large-scale motion in the radial momentum equation is close to hydrostatic equilibrium. The primitive
equations (PE) in the Boussinesq approximation on the sphere with coordinates (r, ¢, ) are given by
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where v,, is the tangential velocity field, w is the radial velocity, p is the pressure, p’ represents fluctuations in buoyancy, p, is a
constant, and f = 2Qcos ¢ is the Coriolis parameter with Q the magnitude of the angular velocity vector. The first two equations
follow from the tangential (horizontal) and radial momentum equations respectively, the third equation describes transport of density
fluctuations that follow from buoyancy and the fourth equation is the incompressibility condition. Together, they form the familiar
Boussinesq PE on the sphere [16]. A conserved potential vorticity variable can be derived from these equations, see [17]. In the case
of a stably stratified fluid, the equations can be reformulated in isopycnal coordinates, where the conserved potential vorticity is
Ertel’s potential vorticity, see [18] for more details. The buoyancy fluctuations are typically due to fluctuations in temperature, in
which case one can explicitly write p’ = —pyaT, where T is the temperature and « is the thermal expansion coefficient. Other reasons
for buoyancy fluctuations include changes in salinity. For generality, we therefore continue the analysis with p’.

Egs. (1)—(4) are in their dimensional form and pertain to shallow water conditions. Specifically, Eq. (4) appears as a model for the
deep atmosphere. However, upon introducing the aspect ratio of radial length scale compared to tangential length scale, as resulting
from a non-dimensionalization, the incompressibility condition (4) will also take on its familiar form for shallow fluids.

The velocity vector v is split into its radial component w and the horizontal velocity field v,, given by v = v, + w#, such that
v, - £ = 0. To highlight this decomposition further, we write the del operator as V,, in case all radial derivatives are zero. Typically,
the average density stratification is given which implies that these equations provide a closed system in terms of the velocity field and
the fluctuating parts of density and pressure. In the next subsection, we use scaling arguments to derive the stratified QG equations
on the sphere.

2.2. Stratified quasi-geostrophic equations on the sphere

The PE as formulated above constitute a complex model of the dynamics of a shallow fluid layer on a rapidly rotating planet. In
the study of large-scale motions of this fluid, it appears that a large separation exists in the magnitude of the independent variables in
the equations. To examine this, we consider scaling these equations and selecting a length scale for the horizontal motion L, as well
as a horizontal velocity scale U. The length scale for vertical motion is the mean height of the fluid column, denoted by H, for which
a vertical velocity scale W can be determined as W = U H /L. Since we are mainly interested in the horizontal motion, we introduce
a time scale T ~ L/U. For the rotation of the sphere, the scale is given by Q, while the density scale has already been given as pj.
We now assume that the parameters are such that the so-called global Rossby number is small, i.e., Ro = U/LQ < 1, which holds
for sufficiently large-scale horizontal motion. This is the core assumption for geostrophic flow, which implies that inertial forces are
small compared to the Coriolis and gravitational forces [13], which implies a balance between the latter two forces, such that the
momentum Eq. (1) yields

. )]

[fE X v,| ~ 'ivhl’/
Po
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It is important to note that this does not hold in a small equatorial region on the sphere where f goes to zero. In other words, the
motion in that region is not strictly geostrophic. Away from the equator, this balance is however quite accurate, which leads to a
natural scaling of p’ ~ p,QU L. The hydrostatic balance (??) then yields the scaling of density fluctuations p’ ~ p,QUL/gH.

Finally, as is customary for stratified Boussinesq flows, we rewrite the average vertical density stratification by the Brunt-Véisald
frequency N, defined as

N =y -2, ®)
py Or

which represents the oscillating frequency of a displaced fluid parcel in a density gradient. This allows us to write the continuity
Eq. (3) as
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We non-dimensionalise the PE in terms of non-dimensionalised variables denoted with a ~ as
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Furthermore, we have introduced the baroclinic Rossby deformation radius L,, given by
L=t (12)
=g

which is analogous to the deformation radius \/gH /Q in shallow water systems, such as that seen in Verkley[12] and Franken
et al. [7].

One important aspect to highlight is that, although the equations are valid everywhere, this particular scaling is not strictly
applicable in a narrow band around the equator. At very small latitudes, the Coriolis term decreases, and the pressure scaling can
no longer be determined from Eq. (8) as f becomes of the same order as the Rossby number. Specifically, the ratio between inertial
forces and the Coriolis force is locally given by the local Rossby number Ro,,. = U/LQsin ¢ = Ro/ sin ¢. In the regime of rapid rotation
that we consider, the global Rossby number is very small, leading to a similarly small local Rossby number at moderate and high
latitudes. The domain where the scaling is not applicable is thus contained in a very narrow equatorial band where the local Rossby
number requirement for geostrophic flow Ro,,. < 1 is not satisfied. In the following, we will continue with the non-dimensionalised
equations, but the tildes will be omitted for clarity.

2.3. Geostrophic balance

In the regime of rapid rotation where the Rossby number is small, it can be seen directly from the momentum Eq. (8) that inertial
forces are small, and that there is an approximate balance between the Coriolis force and the hydrostatic pressure force. In this case of
strong scale separation, the flow is said to be in geostrophic balance [16]. In this section, we discuss the impact of the scale separation
on the dynamics of the Boussinesq PE.

The non-dimensionalized Boussinesq PE reveal that the dynamics are dependent on the horizontal length scale L that is considered.
The quasi-geostrophic approximation can be applied when the considered horizontal length scale of the flow is of the same order
as the Rossby deformation radius, or, L,/L = O(1). Typical values of L, in geophysical flows depend on the application area. For
example, in Earth’s atmosphere this scale is typically of 9(103) km, while in the Earth’s upper ocean, this is of @(10 — 10?)km [16].
Another possible application area is the atmosphere of Jupiter, for which L; ~2000km [19]. It should be noted that, especially in
the latter two cases, we can consider length scales for which L,/L = O(1) while having L/R < 1.

In a tangent plane approximation, the geostrophic balance is used to decompose the horizontal velocity field into its geostrophic
and ageostrophic parts. The geostrophic velocity is found using the scale separation Eq. (8) by neglecting the inertial term:

fEXv,+V,p =0. (13)

However, this geostrophic velocity is ill-defined on the equator [9]. In [20,21] it is shown that one can instead look at the cross-
derivative (or horizontal curl, or perpendicular divergence) to avoid pointwise evaluations of the geostrophic velocity at the equator.
Taking the cross-derivative of the balance equation above, defined as a left-multiplication by # - Vx gives

fV Vv, -V, f=0. a4
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where we use the fact that the curl of a gradient field is zero everywhere. The first term contains the divergence of the horizontal
part of the velocity field, while the second term contains the gradient of the nondimensional Coriolis parameter. Due to the non-
dimensionalization, this is O(L/R). Thus, for the horizontal length scales around the baroclinic Rossby radius, this is a small quantity.
The balance above thus implies that the horizontal velocity field is divergence-free to a good approximation. Instead of the typical
decomposition of the velocity field into a geostrophic and an ageostrophic component, here we split the field into a dominant
divergence-free field and a remaining term of small magnitude. Using the Helmholtz decomposition, we can therefore introduce a
streamfunction y for the former part and write the velocity decomposition as

v, =B X Vy +ev), (15)
where € < 1 is a scaling parameter for the divergent part of the horizontal velocity field v}. Since the total velocity field is still
assumed to be divergence-free, we find from (11) that

ow

5 eV v}, =0. (16)

This implies that the vertical velocity is smaller than the suggested scaling of U H /L due to the presence of the small parameter e.
From this point, we can follow the same steps as in typical derivations on a local tangent plane. By cross-differentiating the horizontal
momentum equation, i.e., applying f - Vx to Eq. (8), we find
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where we introduced the (scalar-valued) vorticity of the horizontal velocity field ¢ :=f -V X v,. Given the scaling assumptions
above, we can neglect the fourth and fifth terms in the square brackets, since the vertical velocity is of O(¢). Similarly, the third
term is neglected due to the small divergence of the horizontal velocity. In the remaining terms, we now substitute the velocity
decomposition (15) and neglect the non-divergent part in the advective terms. Defining a horizontal material derivative D/Dz(-) =
0(-)/0t + T X Vy - V,(-) now gives

DROC+ )+ eROC+ 1)V, -V}, =0, as)

using the fact that the Coriolis parameter is time-independent. Since the Rossby number is small, we can neglect the first term in the
second brackets, and we introduce the divergence-free requirement (16) to find
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where we use the small value of ¢ in Eq. (15) to approximate the horizontal vorticity by the Laplacian of the streamfunction y. We can
use the continuity Eq. (10) to eliminate the vertical velocity. By again neglecting the nondivergent part of the advecting horizontal
velocity, we can rewrite the continuity equation as

L 2
Ro2 / + <Td> WwN? =0. (20)

The above equation can be used to determine the vertical velocity w to be used in the vorticity evolution (19). By noting that the
radial derivative commutes with the horizontal material derivative commutes, we can extract the vertical velocity by taking the radial
derivative to find

ow L\ .D(o[/
Tor = ‘R°<L7) fﬁ(%(ﬁ))
L\*[D o /(o o( p \Df
‘R"(L—d) [ﬁ(fﬂm))‘a(m)ﬂ @D

The second term between square brackets can be neglected since the Coriolis term f varies only slowly over the sphere which
implies Df /Dt ~ O(L/R). Combining Egs. (13) and (15), we find that the pressure fluctuations are predominantly determined by
the divergence-free part of the horizontal velocity field, such that we can approximate p’ = fy (up to a gauge constant). This result,
combined with the hydrostatic pressure relation (9) allows us to write the density fluctuations in terms of the streamfunction, resulting
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where we use the fact that the Coriolis parameter is independent of the radial coordinate in the shallow water assumption. Substitution
of this result in the main dynamical Eq. (19) now gives stratified QG equations on the sphere
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where ¢ is the potential vorticity for the stratified QG equations, which is materially conserved on horizontal planes and is the
single prognostic variable. Note the f? factor in the third term of the QG potential vorticity, which follows from the derivation
of QG using the Helmholtz decomposition instead of the geostrophic/ageostrophic splitting. Since the stratified QG equations are

5
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an approximation of the PE, the potential vorticity ¢ is an approximation of Ertel’s potential vorticity for three-dimensional stably
stratified flows. The model is completed with boundary conditions on the top and bottom layer. For atmospheric problems, usually
one takes the bottom layer to be topography with a free boundary on the top, whereas for oceanic problems, usually one takes the
top layer to be rigid and the bottom layer to be free. In the present work, we take rigid boundary conditions on both the bottom and
the top. This final result is very similar to the traditional stratified QG equation on a Cartesian plane. Compared to the derivation in
Cartesian coordinates in Ripa [22], the present equations differ in the crucial appearance of the fully latitude-dependent Coriolis term
f- Buoyancy fluxes through the boundaries have not been included, though this can be achieved through modifying the boundary
conditions appropriately. The main difference lies in the decomposition of the horizontal velocity in terms of a divergence-free
contribution and a small divergent field. The geostrophic velocity can now be reconstructed from the streamfunction, which is well-
defined on the entire sphere.

While the final formulation of the stratified QG equations on the sphere appears to be a straightforward generalization of the
well-known formulation on the g-plane, its derivation sheds light on the applicability of the model on the sphere. Starting from the
Boussinesq PE on the sphere, the geostrophic balance is used to derive the leading order dynamics in terms of the Rossby number.
This is valid at all latitudes where a scale separation exists between the Coriolis force and inertial forces. It thus provides a continuous
model for both mid-latitude and polar dynamics. At a narrow band around the equator, scale separation breaks down as the Coriolis
parameter vanishes. In the absence of a local geostrophic balance, gravity waves play an important role and the QG equation does
not provide accurate results for the dynamics [9]. From previous studies, e.g. Franken et al. [7] in comparison with Cifani et al. [8],
we know that the Coriolis effect itself is enough to introduce alternating jets in rotating Euler and Navier-Stokes equations. The effect
of the single-layer quasi-geostrophic approximation is to introduce a latitude-dependent modulation of the mean zonal velocity. One
of the striking features that the single-layer QG model on the sphere identifies is the transition from a region of alternating jets near
the equator towards regions of more isotropic turbulence. In the next section, we derive the multi-layer QG equations to incorporate
the effects of vertical stratification.

2.4. Multi-layer stratification

From the continuous equations, a layered model may be derived by subdividing the domain vertically into horizontal layers. Within
each layer, a constant density may be set, such that the density distribution over the layers approximates the continuous stratification
that would appear in a full 3D formulation. This is equivalent to employing a finite-difference discretization in the radial direction
[16], which will be the approach in this section. When the average density stratification is stable, its level sets (surfaces of constant
density) form non-overlapping horizontal slices of the fluid column. In the derivations above, we assumed that density fluctuations are
small compared to the average stratification, indicating that the isopycnals form approximately spherical shells. Thus we describe the
fluid using several layers of constant thickness and uniform density given by the average stratification, whose interfaces correspond
to isopycnals of the continuous model.

Using this approach, we divide the domain in the radial direction into M spherical shells. We denote the layers from top to bottom
with index j = 1,..., M, where each layer has thickness H; such that Zﬁ | H; = H. We can describe the dynamics in each layer by
the potential vorticity ¢; and streamfunction y;.

We can employ a second-order centered finite difference scheme to the radial derivatives in (23), similar to the approach taken
in Vallis[16] for the f-plane equations. This yields the approximation
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where H/_ o= (H;4y + H;)/2 and the Brunt-Viiséld frequencies are given by central differencing of Eq. (6) as
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where the reduced gravity g’ | has been introduced as a measure of the effective gravitational acceleration between layers. Applying
ity

2
this discretization in the radial direction to the stratified QG Eq. (23), we find the multi-layer QG equations on the sphere
qj+{quvqj}:07 j=1L...M (26)
where g; is the layerwise potential vorticity, given by

q= sz/ +f+ Ay, 27)
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where q = [q;,¢,..--,q)]" is a vector containing the layer-wise PV, and similarly w = [y, v, ... ,w)]" and f =[1,1,...,1]7 . The
interaction between layers is given by the matrix A € RM*M  which is given in terms of the reduced gravity and layer thickness as
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as follows directly from (23) using (24) and (25). Rigid lid boundary conditions are present in A. Different boundary conditions
would lead to changes in the first and last row. The horizontal material derivative D/Dt has been rewritten using the canonical
Poisson bracket on the sphere, which, in terms of the latitude ¢ and the longitude 0 is given by
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From this formulation of horizontal PV transport in terms of the canonical Poisson bracket on the sphere, we note the layerwise
similarity to the single-layer QG equation as described on the sphere Verkley [12] and Schubert et al.[11]. In particular, the only
difference appears in the relation between streamfunction and potential vorticity (27).

Recently, the Poisson structure of the single-layer QG equation on the sphere has been discussed in Franken et al. [7]. From their
analysis, we find that (26) constitutes a Lie-Poisson system on the space of smooth functionals on the sphere C®(S?) for each layer
separately, where the Lie-Poisson bracket is given in terms of the canonical Poisson bracket by

{a.b} =

SA, . 5B
{A, B} p(g) = /S2 q{g(q), 5—q(q)}dx, (30)

with A, B : C*($?) — R smooth functionals and dx is an infinitesimal area element, which, in latitude-longitude coordinates is given
by dx = Rcos ¢ d¢ d9. The advection of layer-wise PV (26) may thus be more generally written as

SFa) = (Flap ). 31)

with the Hamiltonian functional given by
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Thus, similar to the single-layer QG equations, this system allows for infinitely many conserved quantities in the form of Casimir
functionals C : C*(S52) - R for which holds
{F(q)).C(g)}p=0. VF:C=(SH) >R, (33)

which in this case results in C(g;) = /. 2 ¢(g;) for any smooth function ¢ € C®(IR), which indicates that for each layer, any integrated
function of potential vorticity is a constant of motion. This may be verified by direct computation
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Typically, only integrated monomials of PV are considered since they form a basis for functions on the sphere. In particular, the in-
tegrated square of PV is called the total enstrophy, and plays an important role in the characterization of geophysical fluid dynamics
[23,24]. As previously noted in Franken et al. [7], this conservative property is independent of the specific relation between stream-
function and potential vorticity. This explains the similarity in the constants of motion between this model and other incompressible
2D flows such as the 2D Euler equations and the rotating shallow water equations. For a detailed overview of the relation between
these models, we refer to Luesink [25].

In the next section, we use the approach of Zeitlin [26] to apply a spatial discretization that preserves as many Casimirs of the
continuous system as possible. By choosing a suitable time integrator, these Casimirs may then be conserved in a numerical solution,
allowing us to study the importance of higher-order moments of PV.

3. Numerical method
In the previous section, the multi-layered QG equations on the sphere were derived, resulting in a dynamical equation for potential

vorticity g, in terms of the streamfunction y . This system features an infinite family of constants of motion due to the Lie-Poisson
property of the dynamical system.
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In this section, we present an extension of the single-layer QG discretization [7]. The resulting multi-layer description is augmented
with a preconditioner for multi-layer QG [27] and a geometric method for two-dimensional hydrodynamics [28]. This combination
of techniques yields an efficient computational method for the multi-layered QG equations that is the main novelty of the current
study. Namely, we construct a numerical method for solving this system that preserves the Lie-Poisson structure in order to retain
as many constants of motion as possible in the numerical solution. The method of lines is used, where we first project functions on
the sphere onto a particular discrete basis such that the resulting system of ODEs is Lie-Poisson. Then, a suitable time integrator is
selected to conserve the Casimirs of the discrete system as well as the associated Hamiltonian energy. These aspects are presented in
detail below.

3.1. Spatial discretization

The construction of a projection of the infinite-dimensional Lie-Poisson system (31) to a finite-dimensional Lie-Poisson system
was first employed in Zeitlin [26]. This was motivated by a projection method on a flat geometry in Zeitlin[29] for the 2D Euler
equations. Since the potential vorticity evolves by the Lie-Poisson bracket, it is an element of the associated Poisson algebra. The
projection method is based on a finite-dimensional approximation of the Lie-Poisson bracket. Since a finite-dimensional Lie algebra
can always be written as a matrix algebra, the method consists of constructing a matrix Lie algebra of dimension (N x N), such that
the sequence approximates the infinite-dimensional Poisson algebra as N goes to infinity. This convergence is defined in terms of the
structure constants of a basis of the algebra. In other words, a sequence of Lie algebras is said to converge to the infinite-dimensional
Poisson algebra C*(S?) if the structure constants of the matrix bases converge to that of the spherical harmonics basis Y),, of C®(S?).
As was shown for a general case in Bordemann et al. [30], and later for the spherical geometry by Zeitlin [26] based on the work of
Hoppe [31], such a sequence exists, given by the basis T} ,, for the matrix Lie algebra u(V), i.e., the algebra of skew-Hermitian matrices.
Given a function a € C*(S?) written in terms of the basis as a = Y2, Zin:_, a; Yy > the implied projection Iy : C*(S?) - u(N) is
then given by

N-1 I
Mya=A:= z Z iay T} e (35)
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where the modified basis 7}, follows directly from the complex part of T;,, as detailed in Cifani et al. [6]. Similar to their infinite-
dimensional counterparts, f,m are eigenfunctions of the Laplace operator, which, in this case, is the discrete Laplace operator on the
sphere A, as provided by Hoppe and Yau[32]. Thus, the basis matrices are calculated by solving the eigenvalue problem

ATy, =10+ DT, (36)

Although the discrete Laplacian is a fourth-order tensor, it operates independently on diagonals of a matrix. Thus, the tensor splits
into (2N — 1) blocks A([g’) of size N — |m|. Moreover, these blocks are tridiagonal given as

(A, = 26/ (s(2i + 1 +m) — i(i + m))
~@,, + SOV T mG+ DVIN = T=i=m(N =10, o

where s =(N —1)/2 and i, j =0, ..., N — m — 1. This sparse structure of the discrete Laplace operator can be inverted using O(N?)
operations, which has enabled efficient numerical solvers such as that reported in Cifani et al. [6] on which the current numerical
framework is built. As the discrete Laplacian splits into independent blocks acting along diagonals of a matrix, it follows that the
matrices 7},, can be represented as (N — |m|)-dimensional complex vectors, occupying the m-th diagonal of an otherwise empty matrix.

The similarity between the structure constants of the discrete basis 7},, and those of Y;,, in the continuous case also results in a
close relation between the Poisson bracket (29) and the Lie bracket on 1(N), which is the matrix commutator. The

Ny {f.g} =y f.Tygly + ON), (38)

where [A, B]ly = N 3/2 /4/167 (AB — BA) is the rescaled matrix commutator [30,33]. Using the explicit projection in (35), we introduce
the layerwise potential vorticity matrices Q; and associated stream matrices P; using

N-1 1 N-1 1
. (N . (N .
0;= 3 X it . and P=3% ¥ iwp,T," . j=1..M (39)
1=0 m=—I 1=0 m=—I

Similarly, we introduce the Coriolis matrix F := Ty f and its square S := I1y f2, which allows us to derive the spatial discretization
of (26) and (27) as

Qj=_[f’j’Qj] j=1...M (40)
with potential vorticity given in terms of the stream matrices as

M
Q; =AyP, +F+50<2AjkPk) j=l..M (41)
k=1



Author Journal of Computational Physics 538 (2025) 114155

where the projection of the product f2y is given by the operation SoP with o denoting element-wise multiplication, as was derived
in Franken et al. [7]. The matrix S is given by

- i [N
Sy = —é E(Skk + S, (42)

where S, and S, denote the kth and /th diagonal entries of S, respectively. System (40) constitutes M isospectral equations. They
are Lie-Poisson with respect to the Lie algebra u(N) with the Lie bracket [, -], for which the Casimirs C; ; by isospectrality are given
as

Cji =trace((Q)¥), k=01,...N-1, j=1,....M, (43)

which indicates that integrated monomial functions of potential vorticity is conserved in each layer, similar to the dynamics of a
single-layer QG model.

Solving the system of Eq. (40) now requires a suitable time integration method, as well as a method for calculating the stream
matrices P; from the implicit relation given in (41), which is discussed in the following two subsections.

3.2. Calculation of the streamfunctions

Since the main dynamical variable in the evolution of multi-layer quasi-geostrophic flow is the potential vorticity, the resulting
velocity field, which in turn is calculated from the stream function, must be determined using the implicit relation (41). In the special
case where the interaction matrix A is zero, i.e., in the absence of density stratification, the horizontal velocity field in each layer is
independent and the stream matrix can be determined using

Pi=(ATQ=F). j=1...M. (44)

Recall that M denotes the number of layers in the multilayer model. Similar to the observation that the streamfunction is uniquely
determined only up to a constant function on the sphere, the discrete Laplacian is only invertible when adding an additional constraint
on the stream matrix. For convenience, we may set f v, =0,Vj=1..,M, which corresponds in the discrete case to the constraint

trace(P;) =0, j=1,....M (45)

Using the diagonal splitting of the discrete Laplacian, the calculation (44) can be performed using O(N?) operations following [6].
Under the influence of density stratification, the stream matrices no longer decouple between layers, and the fully coupled system
(41) needs to be considered. For a general interaction matrix, this involves solving a system of M coupled elliptic equations of size
N x N. However, in many cases, the matrix A is diagonalizable, leading to an ideal pre-conditioner for the coupled system.
If the matrix A is diagonalizable, then there exist an invertible square matrix V' and a diagonal matrix D such that

A=vDrL (46)
Substitution of this decomposition into Eq. (41) then gives
Or=ANP + F+So(DyB), k=1,...M, 47)

where O, = Zj‘i | Vk;lQ ; and P, = Zj\i | I/k;lP] are the potential vorticity matrices and stream matrices respectively corresponding to
the modes of the system [27]. Crucially, the potential vorticity matrix Q; associated with a particular mode j is independent of the
other modes. Thus, system (47) constitute M independent implicit equations for the stream matrices PJ-, which can be made explicit
by solving

P = (Ay + DySo) Oy - F), k=1,...,M, (48)
which can be solved efficiently in just ((N?) operations using the scheme based on diagonal splitting as developed in Franken

et al. [7]. The layerwise PV and streamfunction matrices can then be reconstructed using the relations

M M
0; =D VO P=Y Vb (49)
k=1 k=1
In the case where the interaction matrix A is not diagonalizable, there is no such decomposition into independent modes. However,
the stream matrices can still be calculated directly from Eq. (41) using diagonal splitting. If we denote the m-th diagonal of a matrix
by the superscript - as a row vector, we may introduce the column vectors P, Q™ e C(N-ImDL a5

.
(m) _ (m) (m) (m)
P =[P M P (50)
and
,
(m) _ (m) (m) (m)
om=lo" o - o], 51

which allows us to decompose the entire system (41) into its diagonals as

(LM 4 gmypm — gm _ pm = (N = 1),...,N—1 (52)
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using the matrix operators ", §" € CIN-ImDMIXIN=ImDM] given as

L™ =1, 0 A% (53)
and

g§m = 4 o §m (54)

where © denotes the Kronecker product and 7, is the identity matrix of dimension M. The matrix (L™ + $() is extremely sparse with
only 5 nonzero diagonals as can be seen from Egs. (28) and (37). These can be solved efficiently using appropriate pre-conditioners
[34] or using iterative methods. Here we note that in the case of a diagonalizable matrix A, the preconditioner can be found from the
decomposition (46), which leads directly to system (48). Note that one only needs to solve for the diagonals m > 0, since the matrices
P; are skew-Hermitian. The linear scaling of the computational complexity with the number of layers facilitates simulations at high
horizontal resolutions, similar to previous work on barotropic QG flow as reported by Franken et al. [7].

3.3. Time integration method

The evolution of the dynamical system is carried out by solving Eq. (40) in time. Analogous to the conservation of integrated
functions of potential vorticity in the continuous system, this system of ODEs preserves the trace of polynomial functions of Q; up
to polynomial order (N — 1) as indicated in Eq. (43) for each layer. This property is equivalent to the spectrum of the layer-wise
potential vorticity matrix being conserved [35], indicating that the evolution in (40) is isospectral.

This property is similar to the isospectral evolution of the potential vorticity matrix in a single-layer QG model as in Franken
et al. [7], where it was also remarked that the isospectral property holds independent of the choice of advecting stream matrix.
Therefore, we can select the same time-integration method to conserve the matrix spectrum on a discrete level.

We employ the time integrator as formulated in Modin and Viviani[36], based on second-order symplectic midpoint integration.
This integrator falls within the class IsoSyRK methods, which are both symplectic and isospectral [37]. Given the solution Q] at time
t,, the solution of (40) at time #,,; =, + h can then be written as follows

~ h ~ ~ hz ~ o~ o~
szQ;"JFE[th’Q?] +T:1ijj 55)
LA L L
07" =0, +3[P.0;| - T PO, P,

where f’j is the stream matrix corresponding to the potential vorticity matrix O ; as given by Eq. (41). The integration thus consists
of two steps. The first equation gives an implicit relation for the intermediate step O ;» which is solved using fixed point iteration.

This creates a sequence {Q;‘} with Q;’ = Q;.'. All values of j have to be considered simultaneously at each iteration: 0 ; is needed to

compute Pj, which in turn is needed to compute the stream matrix in other layers due to the coupling between the layers as seen
in Eq. (49) The time step 4 is chosen sufficiently small such that the sequence converges to Q; as k — oo, and the iterative process
terminates when all sequences have converged to within a set tolerance. For the chosen time step sizes &, the L, norm of ij“ - Q;‘
typically reaches ©(10~%) after only 4 or 5 iterations.

Combining the described discretization methods and preconditioner for the streamfunction calculation leads to a numerical method
which can be used for simulations even on personal computers. All presented results are obtained from simulations carried out in
Matlab on the CPU of a personal laptop. We provide a rough estimate of the simulation runtimes in this setting. A three-layer
simulation at resolution N = 1024 took approximately 13h for 1.2 x 10* time steps, or roughly 3 seconds per time step. A four-layer
simulation at N = 256 with 10* time steps was carried out in approximately one hour, taking around three time steps per second.
Naturally, a speed-up is possible using, e.g., parallel computing (see [6]) which is the subject of current research efforts.

4. Simulation of multi-layer geostrophic turbulence

In this section, we demonstrate the capabilities of the developed numerical method by simulating two types of geophysical flows
enabled by this method. In Section 4.1, we study the emergence of zonally elongated structure in the flow from random initial data
in an energy- and enstrophy-conserving setting for a six-layer model. Section 4.2 presents results of forced geostrophic turbulence for
a three-layered setting, where we compare the resulting velocity fields and energy spectra to those of single-layer QG turbulence.

4.1. Unforced turbulence

To verify the structure-preserving properties of the numerical methods, we perform a simulation of geostrophic turbulence in the
absence of forcing, dissipation and friction. We consider an aqua planet (an idealized planet without topographic features [38]) of
radius R = 1000 km, rotating with a period of 10*s. For a typical rms velocity of 0.2m/s achieved in this simulation, this leads to a
global Rossby number of Ro = V,,,,/RQ ~ 3 x 107, which is well within the geostrophic regime [19]. The fluid layer is decomposed
into 6 layers of equal thickness set to H; = 2km. A strong stratification is imposed between the layers by setting the reduced gravities
at the layer interfaces to 0.8,0.6,0.4,0.2 and 0.1 from top to bottom, indicating that the density gradient is largest in the top layers.
This choice of parameters leads to baroclinic Rossby radii of 91, 45,32,24 and 15 km.
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Fig. 1. Instantaneous zonal velocity fields for the energy and enstrophy-conserving setup. From left to right, the velocity fields of layers 1, 2 and 6
are visualized on a latitude-longitude grid. The velocity fields are calculated at 7 = 0 (top), t = 2500 ‘days’ (middle) and ¢ = 30,000 ‘days’ (bottom).

A random initial large-scale velocity field is imposed in the top layer, and similarly at smaller amplitudes in lower layers. Similar
to the work of [6], this is done by selecting the spherical harmonics modes with 1 </ < 30 of all stream functions and giving them a
random phase and a normally distributed amplitude around the value y/I(/ + 1). The reference value y, = 2 x 10~*/, is tuned such
that the maximum jet velocity in the top layer is close to unity, with j the layer number ensuring that lower layers have a lower
starting velocity scale. With this setup, the radial transfer of kinetic energy can be studied as the flow develops and kinetic energy is
exchanged between the different layers. We simulate at a horizontal resolution of N = 128 during a period of 3 x 10* ‘days’ (number
of revolutions of the sphere), with an integration time step of At = 10° s, which implies a temporal resolution of 10 time steps per
‘day’.

Fig. 1 shows several snapshots of the zonal component of the velocity field. The top row shows the initial zonal velocity of layers
1, 2 and 6, which are the top layer, second layer and bottom layer respectively. These initial velocity fields contain all spherical
harmonics modes with degree / < 30, with a decreasing amplitude for lower layers. As the fluid evolves, two effects are visible in
the zonal velocity snapshots. The second row in Fig. 1 shows the snapshots after 2500 ‘days’, with the third row showing a snapshot
after 30,000 ‘days’. The first effect is a migration of kinetic energy from the top layer to lower layers due to the interaction between
layers. Layerwise, this represents a shift in the energy level at a constant Casimir surface. In other words, kinetic energy is transported
between layers whilst enstrophy is conserved in each layer. The second effect is the evolution of potential vorticity within each layer.
Small-scale structures are formed with / > 30 due to the nonlinear interactions between large-scale modes. The formation of zonal jet
is not as pronounced as in the case of forced turbulence (Section 4.2). The baroclinic Rossby radii are large compared to the radius
of the sphere such that baroclinic effects dominate the flow. However, the influence of baroclinic effects on jet formation is not well
understood (see for example [39,40]) and demands further study, which is beyond the scope of this work.

The transfer of kinetic energy between layers is visualized in Fig. 2, showing the kinetic energy in each layer as a function of time
in arbitrary units. The initial total energy per layer is determined via the amplitude of the random initial fields, leading to an initial
kinetic energy proportional to j=2 where j is the layer number. The figure shows a transient phase up to approximately 2500 ‘days’
of simulation during which kinetic energy is gradually transferred from the top layers towards the lower layers. After that, a stable
distribution was reached which persists even after a very long time integration in which the top layers are only marginally more
dynamically active than the lower layers due to the strong interaction between layers.

Finally, we illustrate the Casimir conserving property of the numerical method in Fig. 3, which shows the time evolution of several
Casimirs for layers 1, 2 and 6 (from left to right). The figures show the relative error in the value of the first 16 Casimirs as a function
of time, as given in Eq. 43. The relative error of the Casimirs is given in terms of their respective initial values and is displayed using
increasingly light hues of grey for higher-order Casimirs. We find similar results as those reported in Franken et al. [7] for single layer
QG dynamics in the Casimir-preserving setting. This includes the second-order Casimirs, representing the total enstrophy in each
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Fig. 2. Time evolution of the layer-wise kinetic energy in arbitrary units. The initial condition is chosen such that Ey,,; ~ j=2, where j is the layer
number. As the system evolves, kinetic energy is redistributed between the layers due to the interaction at the interfaces, and after approximately
2500 ‘days’, the flow settles into a statistically stationary state with a stable kinetic energy distribution. The total energy is conserved up to relative
fluctuations of order ©O(107°).
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Fig. 3. Evolution of the relative error in the first 16 Casimirs in the system for the top layer (left), second layer (middle) and bottom layer (right).
Successively higher order Casimirs are plotted using a lighter hue of gray, with even-order Casimir clustering around a relative error of 10~'* and
odd-order Casimir displaying a relative error on the order of 107%.

layer. The odd-order Casimirs display an error of approximately 1073, (55). These results confirm that the numerical method indeed
conserves all discrete Casimirs up to a very high precision.

The level of conservation is determined by the tolerance of the fixed point iteration, currently set to 10~'°, and the accuracy with
which the basis elements T, are constructed. Further increasing (relaxing) the tolerance level leads to less well conserved Casimirs,
whereas no significant changes were observed when decreasing the tolerance levels. This suggests that convergence of the iterative
procedure is full and accuracy is limited by inherent aspects of the computations. A feature of particular relevance is the computation
of the basis elements T),,, of which numerical results suggest a large condition number. Finally, the precision with which the odd-
order Casimirs are computed is less than that of the even-order Casimirs. This may well be related to the fact that odd-order Casimirs
involve integration where, because of sign-changes in the integrand, a higher condition number arises and correspondingly precision
is lost.

4.2. Forced turbulence

Many geophysical flows, such as the Earth’s ocean and atmosphere, are heavily dependent on external forcing and are subject
to dissipative effects in potential vorticity [41]. Examples of external forcing are wind shear on the upper ocean or thermal forcing
from radiation [9]. Dissipation of potential vorticity occurs at small length scales beyond the geostrophic regime due to unresolved
physical processes. This effect is typically modelled using an eddy viscosity term, see for example [4,42,43]. Furthermore, in the case
of modelling oceanic flow, or the wind layer on other planets, the interaction between the bottom layer and the unresolved deep
ocean is modelled with an Ekman boundary layer which corresponds to a linear drag force on the bottom layer [15,44]. These terms
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can be introduced into the PV evolution Eq. (26) as follows [4]
45+ {wj. ;) =81, F,y = 8; nuby; + VA, (56)

where ¢, ; is the Kronecker symbol, F,, is the (wind) forcing acting only on the top layer, u is the Ekman drag coefficient for the
bottom friction layer and v is the eddy viscosity. Similar to the approach taken in Thiry et al. [27], we integrate the terms on the
righthand side of (56) using a third-order total variation diminishing Runge-Kutta (TVD-RK3) scheme. Given an ordinary differential
equation

@) = f(y®), (57)
the scheme can be written as the following three-stage process
¥y =y + ()

YO =y g(f@(”) ~300)) (58)

¥ =30+ (8762 - 70 - 76),

where £ is the adopted time step size. The full system (56) can then be solved using an operator splitting method. By denoting the
isospectral time integration map (55) for the advection term as ¢y, , for a time step of size 4, and similarly denoting the TVD-RK3
integration map with @gx ,, we use a second-order Strang operator splitting to complete a full time stepping map ¢, using the
composition

Qk+1 = (¢RK,h/2°(ﬂiso,h°<PRK,h/2)Qk (59

where QF denotes the solution at time t,, where t,,, = t, + h. Using this composition, the full dynamical Eq. (56) can be solved while
retaining the structure-preserving integration for the nonlinear advection term, even though the full system does not conserve energy
or Casimirs due to the forcing and dissipation processes.
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Fig. 4. Snapshots of the zonal component of the layer-wise velocity fields at several times. From top to bottom, snapshots are taken at 7 = 140
‘days’, T = 700 ‘days’ and T = 2100 ‘days’. The flow develops from an initially stationary situation due to the random forcing on the top layer. In the
figure, the left column shows the top layer zonal velocity field, the middle column shows the second layer and the right column shows the bottom
layer. Note the different colour scales for the columns to visualize the resulting flow fields more clearly. The top row shows a snapshot after 140
‘days’, which shows the development of small-scale flow structures at the length scale of the random forcing. The middle row shows the solution
after 700 ‘days’, at which point the top layer clearly shows the emergence of elongated structures in the zonal direction. These develop further into
the clear zonal jets shown after 2100 ‘days’ on the bottom row of the figure.
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For this experiment, we localize the forcing F,, around a narrow band in spectral space around harmonics of degree / = 50 as is
often used for studying homogeneous turbulence [8,45]. The remaining parameters of this simulation are based on the double-gyre
experiment reported in Thiry et al. [27]. This experiment aims to simulate the emergence of a double wind-driven gyre on a tangent
plane to study the westward jet between the gyres emanating from the eastern domain boundary. In our global fluid domain, the
absence of north-south boundaries prevents us from replicating this experiment. Therefore, we use the aforementioned isotropic
forcing to induce turbulent flow in the top layer, and the results for the multilayer system will be compared to the single-layer QG
model presented in Franken et al. [7].

In this paper we focus on a novel computational model for a multi-layer QG formulation and adopt parameters relevant for the
Earth’s dynamics. We conveniently choose typical values as there is some uncertainty regarding the precise values for the Earth. In
fact, we do not aim for an explicit comparison of our predictions with field observations. This is subject of ongoing study and will
be published elsewhere. The fluid domain represents the Earth as an aqua-planet, for which we adopt R = 6 x 10° m and a rotational
period of the planet of T = 86,400s. The experiment models oceanic flow with typical horizontal velocities of 0.5m/s, leading to a
global Rossby number of 10~3. We consider a three-layer system with a layer thickness of H; = 400m, H, = 2000m and H; = 4000 m.
The reduced gravities of the interfaces are set to 0.4 and 0.2m/s?, leading to baroclinic Rossby radii of 152 and 249 km respectively.
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Fig. 5. Left: Kinetic energy profiles for all three layers at 7 = 2100 days at resolution N = 1024. For reference, the forcing wavenumber / = 50 is
denoted with a dashed line, and the characteristic slope of /=3 is shown for reference. Right: Kinetic energy profile of the top layer at three different
resolutions at 7' = 2100 days. For clarity, the energies at resolutions N = 512 and N = 256 are scaled by a factor 10 and 100, respectively.
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Fig. 6. Snapshots of the zonal velocity field. The left picture shows a snapshot of the top layer for the multi-layer simulation shown in Fig. 4. The
picture on the right shows a snapshot of a fully developed single-layer QG turbulence simulation using the same Rossby deformation radius.
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The eddy viscosity is set to v = 60 m?/s following [8], and the Ekman drag coefficient is set to 4 = 0.01 s~! similar to Thiry et al. [27].
The spatial resolution is set to N = 1024 such that the smallest resolved length scale is approximately 10km. This is significantly
smaller than the baroclinic Rossby radii, thus ensuring that baroclinic waves are well-resolved [4]. The time step size is set to 103 s,
resulting in approximately 87 time steps per day, with a total simulation time set to 2100 ‘days’. For comparison purposes, we also
simulate a single layer QG system with the same parameters by setting the number of layers to 1. The influence of the geostrophic
balance is maintained by retaining the value of A(1, 1) in Eq. (27). This is equivalent to a one-way interaction of the (single) top layer
with a stationary deep ocean.

As is clear from the simulations, the top layer is the most dynamically active as it is directly influenced by the external forcing and
has the lowest inertia due to the smaller layer thickness. It clearly shows the emergence of zonal jets in the equatorial region, as is a
common feature of geostrophic flows [46]. Away from the equator, no zonal jets form and the flow is qualitatively more isotropic.
The lower two layers are indirectly forced by the upper layers. This forcing appears as a PV source term when the streamfunctions of
two layers differ. Since the interaction term as seen in (27) contains a factor f2, this source term is always smallest near the equator,
which explains the low velocities in these regions after short simulation times as seen in the top row of Fig. 4. As the flow develops
further, the internal dynamics of the lower layers result in a more homogeneous flow field.

While zonal jets form the dominant flow feature in the top layer, the lower layers show a more homogeneous distribution of
kinetic energy in the flow domain. This is also clearly visible in the kinetic energy spectra of the layer-wise velocity fields shown
in the left panel of Fig. 5. In blue, the kinetic energy spectrum of the top layer is shown in arbitrary units. The external forcing
at / =50 is visible in the spectrum, from which energy is distributed to all other modes. Furthermore, most energy is contained in
harmonics with degree / = 10 — 20, which corresponds to the scale of the zonal jets. At high wavenumbers, the energy spectrum
decays exponentially due to the eddy viscosity dissipation. The kinetic energy spectra of the lower layers exhibit largely the same
structure as the top layer. However, the modes corresponding to the zonal jets have a significantly lower amplitude, indicating that
zonal jets do not dominate the flow in these layers. In contrast, most kinetic energy in these layers is contained in the modes with
degree / = 20 — 30, corresponding to structures with a size between 200 and 300 km, closely corresponding with the baroclinic Rossby
radii. The numerical experiment has been repeated at resolutions N = 512 and N = 256. The obtained energy spectra of the top layer
at T = 2100 are shown in the right panel of Fig. 5. We observe a good agreement in the distribution of energy across the resolvable
scales at the different resolutions. This indicates that the previously discussed formation of zonal jets can be reproduced reliably also
at lower resolution. This observation regarding the required level of spatial resolution was also made in relation to the corresponding
single-layer QG model as presented previously in Cifani et al. [6], Franken et al. [7].
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Fig. 7. Zonal velocity along a fixed longitude at time 7" = 2100 ‘days’, measured from the snapshots in 6. The left picture shows the zonal velocity in
the top layer of a multi-layer simulation. The right picture shows the zonal velocity in single-layer QG turbulence with the same Rossby deformation
radius.
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In Fig. 6, a snapshot of the top layer zonal velocity field is compared to the simulation of single-layer barotropic QG dynamics
with the same parameters as described above. The corresponding zonal velocity profiles along a fixed longitude are shown in Fig. 7.
While geophysical interest would lie in prograde motion of the equatorial jet, it is difficult to discern a preferred direction of the
flow relative to the ‘Earth’s’ rotation. Furthermore, we observe that at high latitude the multi-layer prediction is similar to that of
the single-layer model, while the multilayer model displays more variability near the equator compared to the classical single-layer
QG model. Qualitatively, we find a striking similarity in the emergence of zonal jets. From previous studies [6,7], we infer that the
Coriolis effect itself is enough to introduce alternating jets in rotating Euler and Navier-Stokes equations. The effect of the quasi-
geostrophic approximation is to introduce a latitude-dependent zonal velocity modulation. One of the striking features that the QG
model on the sphere is the transition from a region of alternating jets near the equator towards regions of more isotropic turbulence.
The classical QG formulation based on a decomposition of the velocity field into geostrophic and ageostrophic components is known
to break down near the equator. Here, we adopted the alternative solenoidal partitioning [11,12] which is known to alleviate the
problems near the equator.

5. Conclusion and outlook

In this work, we presented a global formulation for the multilayer quasi-geostrophic (QG) equations and developed a Casimir-
preserving numerical method for simulations. By extending the baroclinic QG models from traditional local f-plane or g-plane
approximations to a global spherical framework, this work provides a comprehensive tool for studying large-scale atmospheric and
global oceanic dynamics in the context of aqua-planets. To use the present model for simulations of more realistic ocean dynamics,
continents have to be included, which at present is not yet possible.

The numerical method is based on similar global methods for the barotropic QG equations developed in Franken et al. [7], which
in turn extends a study on the two-dimensional Euler equations in Cifani et al.[6]. In the current work, we developed a global
formulation of the multilayer QG equation and applied a Casimir-preserving discretization to the resulting two-dimensional transport
equations. This led to a finite-dimensional system which preserves all monomial Casimirs of the discrete system. Using a symplectic
time integrator, we show that all discrete Casimirs are preserved up to a relative error of 1078,

The developed method was employed to simulate forced geostrophic turbulence. We have shown that zonal jets form at the
top layer, which agrees with simulations on a single-layer model. Furthermore, we show from the kinetic energy spectra that the
dynamics of the lower layers mostly concentrate near the respective baroclinic Rossby radii. The development of this novel numerical
framework paves the way for application in large-scale simulations of global atmospheric and ocean dynamics. Further work is needed
to develop benchmark simulations for geostrophic flow on a sphere and compare the proposed structure-preserving method to other
computational methods.

The Zeitlin truncation is the only method known today that connects a continuous Poisson bracket into a discrete Poisson bracket.
In [8] we established that pseudo-spectral methods perform well with regards to an inverse energy cascade, but do not perform well
with regards to the forward enstrophy cascade even at high resolution. In contrast, the Zeitlin method performs well also in capturing
the forward cascade at modest resolution. How this compares to a general finite-element method for simulation fluid flow on the
sphere is a timely question that we will pursue in a separate study, clarifying when the full Zeitlin approach is warranted and when
classical methods would be adequate.

While the model spheres considered in the manuscript apply conceptually to global atmospheric dynamics and aquaplanets, the
oceanography of planet Earth is quite different and vastly more complex. Current extensions of the Zeitlin method are being pursued
that will enable the inclusion of continents and explicit bathymetry. This will allow the application of the multilayer quasi-geostrophic
model to oceanic QG formulations, thereby also providing further opportunities for direct validation of the predictions.
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